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ALGEBRA. 



DEFINITIONS. 

1. Algebra is the Science of General Quantity; and, like 
Arithmetic, with respect to Numher, consists hoth in the know- 
ledge of the properties of Quantity, and of the mode of performing 
operations upon it. Hence, thu Science was denominated, by Sir 
Isaac Newton, Uniyersal Arithmetic. 

2. The characters employed to denote Quantity, are the letters 
of the Alphabet. 

3. The characters employed to denote operations, are certain 
conventional signs, originally used in this Science alone, but now 
extended to Arithmetic, Geometry, and all the other branches of 
•the Mathematics. 

CHARACTERS OR SYMBOLS OP OPERATION. 

4. = This character, consisting of two small parallel lines, is 
called the Sign of Equality, and is used instead of the words 
equal to. Thus, 12 pence=>l shilling; 2 added to 4=6; 2a 
added to 3a=5a. 

5. ^ This character, resembling an erect cross, is called phts^ 
i. e. more, or the Sign of Additiony and is used instead of the 
words added to. Thus, 2 + 4=6 ; 2a -f- 3a=:=5a. 

6. — This character, consisting of one small line, is called 
mhmsy i. e. less, or the Sign of Subtraction, and is used instead 
of the words made less by* Thus, 6 — %^=^k\ ^a— ^a^=^^* 
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7. X This character, resembling an oblique cross or the letter 
X, is called into, or the Sigrn of MtdtipUcaHony and is used instead 
of the words multiplied hy. Thus, 2 X 4=8 ; 3a X 2=6a. 

8. The multiplication of numbers is denoted frequently by a 
point. Thus, 2.4=8; 2.4.6=48; 2.3a=6a. 

9. The multiplication of quantities, is generally denoted by 
simple apposition, i. e. by placing the letters together, chiefly in 
alphabetical orcjer. Thus, a X b=ab; aXbx c^=abc, 

10. The multiplication of compound quantities, is denoted by 
a parenthesis or bar. Thus, a(q;-|-y)=aa:-|-ay; oroXa;+y= 
ax-^-at/, 

11. -f- This character, consisting of one small line with a point 
above and below it, is called bg, or the Sign of Division, and is 
used instead of the words divided by. Thus, 8-t-2=4; 6a -t- 2 
=3a. , 

12. Division is also frequently and more commodiously de- 
noted, by placing the dividend (t. e. number to be divided) above, 
and the divisor below, a email line in the form of a fraction. Thus, 

i.=2;5?=3a. 
4 2 

13. The division of compound quantities, is denoted by a paren- 
thesis reversed. Thus, 60)S600(:^60; a;4.^)cu?-f.<iy(=a. 

14. ;, : :, :, This character, consisting of eight points, is called 
the Sign of Proportion, and is used instead of the signs -f*, sa, 
-T-; Because, 

15. When the quotient of any two quantities b equal to that of 
any other two quantities, the four quantities are said to be pror- 
portionaL Thus, since 1 2-7-4=6 -f- 2, therefore 12 : 4 : ; 6 : 2. 
This last expression is usually read thus. As 12 is to 4f, so is 6 to 2. 

16. A whole number placed, in a smaller character than usual, 
at the right hand comer of a quantity, denotes that the power of 
the quantity indicated by that number, is to be found or expressed. 
Thus, a^ ix a denotes the first power of a; a^, the second power 
or square of a; a^, the third power or cube of a, &c. (a+b)^, the 
second power or square of a-f*^ &c« 

17. A fraction placed, in a smaller character than usual, at the 
right hand comer of a quantity, denotes that the root of the quan- 
tity indicated by its denominator, is to be found or expressed. 

Thus, a^ denotes the square root of a; a^, the cube root of a, kc 

(a+&)^, the square root of a-^S, &c. 
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18. The whole numbers or fractions denotug the powers or 
roots of quantities, are called the indices or exponents of the quan<- 

tities* Thus, in the quantities a^, a', ci^, cl^, the numbers and 
fractions 2, 3, ^, ^, are the indices or exponents of a, 

19. ^ This character, resembling a manuscript r, is called the 
Radical SigUy and denotes that the square root is t o be fo und. 
Thus, ^a denotes the square root of a; y'36=6; >y/a-f-5, the 
square root ofa-^-b. 

20. A whole number, placed in a smaller character than usual, 
above the Radical Sign, denotes that the root indicated by that 
number, is to be found or expressed. Thus, 'y^a denotes the 
cube root of a; ^\/a, the fourth root of a, &c 'y^a+d, the 
cube root of a-^-b, &c. 

LESS COMMON SYMBOLS OF OPERATION. 

21. CO This character, resembling the letter S placed hori- 
zontally, denotes the difference of two quantities, when it is not 
known which of them is the greater. Thus, acoor denotes that 
a; is to be subtracted from a, when a is the greater; but that a is 
to be. subtracted from at, when x is the greater. 

22. -f- This character, consisting of th^ signs of Addition and 
Subtraction combined, denotes either the sum or the difference of 
the two quantities* Thus, a+x denotes that x is either to be 
added to, or subtracted from, a. 

23. ^ This character, resembling the letter V placed on one 
side, with the opening to the left, is called the Si^ ofMaforiiy, 
and is used instead of the words, greater than. Thus, fiph de- 
notes that a is greater than h* 

24. <^ This character, resembling the letter V placed on' one 
side, with the opening to the right, is called the Sign of Minorityy 
and is used instead of the words, less than. Thus, x^^ denotes 
that X is less than y. 

25. oo This charllcter, resembling the figure 8 placed on one 
side, is called the Sign of Infinity ^ and denotes that the quantity 
which is equal to ity is indefinitely great, or greater than any as- 
signable quantity. Thus, ^=^<Xf . 

TERMS. 

26. The object of the operations in A%ebra, is, in general, to 
diseorer the vahie of unknown quantities, by means of their refo- 
tions to quantities that are known. 
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27. An Equation^ is any arrangement of quantities expressing 
these relations. 

28. The Known qtuzntities, are generally represented hy the 
first letters of the alphabet; as, a, b, c, d, &c. 

29. The Unknown quantities^ are represented by the final letters 
of the alphabet; as, x^ y, z. 

30. The Coefficient of a quantity, is a number denoting how 
many times the quantity is to be repeated. Thus, 3a denotes 
3 times a; Qab, 6 times od; 4r, 4 times x. 

31. The Coeffijdervt of an unknown quantity, is often expressed 
by a known quantity. Instead of a number, or by both. Thus, in 
the quantity oar, a is the coefficient of a?; in 3^z, 35 is the coeffi- 
cient of z. 

32. The Coefficient of any quantity standing alone, is unity or 
one. Thus, the coefficient of a is 1 ; of /^a is 1 ; of :i^ is 1, &c. 

33. Positive or Affirmative qtumtities, we those which have 
the sign pltts before them; as, 4.8a, 4.406, +7a^9 &c 

34. Quantities toithout any sign^ are always understood to be 
positive* Thus, a^ 5a, 606, are the same as 4-^9 4-^^ -{-Qab. 

35. Negative qzumtities, are those which have the sign minus 
before them; as, — 3a, — 4a6, — 7a ^, &e« 

36. Like qteantitiesy consist of the same letters, widi the same 
indices. Thus, 2a, 3a, Ba, are like; as also, 7abf 4-^^? — ^^> 
and +2a^b, —9a^b. 

37. UnUke quantities, consist of different letters, or the same 
letters with different indices. Thus, 5a, 4-56, — 7c, are unlike ; as 
also, — 5a,4-7a2, 3a5; and la%,+Bab^. 

38. Simple quantities, consist of one term only; as, 3a, &c 

39. Compound quafititieSf consist of several terms; .as, 3a 4- 
2b, a^b+c, &c 

40. Quantities having like signs, are those which are all posi- 
tive, or all negative. 

41. Qtumtities having ufdike signs, are those which are partly 
positive and partly negative. 

42. A Binomial quantity, consists of two terms; as, a+b or 
a — b* The latter is sometimes called a residual .quantity. 

43. Trinomial, Quadrinomial, and Polynomial or MuUi- 
nomial quantities, consist of three, four, and many terms re- 
spectively; as, a-\-b'\-c, trinomial; a 4- 6 4-^ 4* ^> quadrinomial; 
a-j-b+c+d+e, &c. multinomial or polynomiaL 
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44. Fadars of quantities, are the seyeral tenns, or multiptiers, 
of i^ch they are composed. Thus, a^ b, and c, ^re the factors of 
abc; X and a-|-a?, are the factors of ax^x^j &c 

45. Composite quantities, are such as are produced from fao 
tors; thus, aar-fa;^, is produced from the factors a^x, and x; hut 
x^ -)-y ^ is not producible from any foctors, and therefore is not 
composite. 

46. Multiples of quantities, are produced by the multiptication 
of the given quantities by numbers, or by other quantities. Thus, 
Ida is a multiple of 3a by 5; 20abc, of 5a by 4&?. 

47. Measures or divisors of quantities, are those which wiQ 
divide the quantities without leaving a remainder. Thus, la is 
a measure of 35a; 4a6, of l^abc, &c« 

48. Commensurable quantities, are such as have the same 
measure or divisor. Thus, 35a and 25a^, are commensurable, 
their common measure being 5a. 

49. Incommensurable qtumtities, are such as have no common 
measure or divisor. Thus, 7a and 486, are incommensurable. 

50. The Reciprocals of quantities, are the quotients of unity, by 
those quantities; the reciprocals of fractions, are those fractions 
inverted. Thus, the reciprocal of 2 is ^ or .5; of 5 is ^; of f 

isf; of-y is — ; &c. 

51. The Powers of quantities, arise from the continual multipli- 
cation of quantities by themselves. Thus, a number or quantity 
(which is called the Root) multiplied by itself, produces the square 
or second power of that number or quantity; the square, multi- 
plied by the root, produces the cube, or third power; the cube 
multiplied by the root, produces the biquadrate, or fourth power^ 
&c as 2 X 2=4, the square; 4 x 2=8, the cube; 8 x 2=16, the 
fourth power, &c. 

52. The Roots of quantities, are those from which the ppwera 
arise. Thus, the root of the square 64 is 8, because 8x8=64; 
the root of the cube 8 is 2, because 2 x 2 x 2=8, &c / 

53. Rationed quantities, are those which have exact roots, or 
which are expressed without the radical sign, or a fractional 
index. As, >/64=8; or a, 5a^, |a, &c 

54. Irrational quantities, are those which have no exact roots, 
or which can only be expressed by the radical sign or a fractional 

index. As, ^Wot 2^, a^, b^, &c 
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b KQUATIONS. 

55. A F'tmctian of one w more unknown qiiant*uiee> is an ex- 
pression or fomiula (little foiin), into, which those quantities 
enter, either combined or not with each other> or with known 
qitiaitities. Thus, x^ and x^+x^^ are functions of x; a;^-|-^^ 
and x^p'^xy^ are functions of x and y; so are axy'^bx^y and 

EQUATIONS. 

56. The first object of Algebra, is to obtain an Equation.* This 
is done by performing the operation required in any question, or 
stating the conditions of any problem, by means of known quan- 
tities giren, and unknown quantities assumed. Hien, by arranging 
the terms properly, on either side of the Sign of Equality, we ob- 
tain an Equation, expressing the relation between the known and 
the unknown quantities. 

57. The second object of Algebra, is to resolve such equations 
or expressions, so as to obtain the value of the unknown quantity, 
in terns of the known quantities. This is done by certain rules 
or cases, which depend on a knowledge of the modes of perform- 
ing calculations with Algebraic quantities. 

58. To these two objects, the whole of the rules of Algebra 
have a reference, and ought to be made subeendent. The rules 
follow in their order, with the principles on which they are 
founded, and the practical applications which depend upon them. 

GENERAL RULE, 

To obtain an Equation, 

59. Denote the unknown quantities, or the quantities that are 
to be found, in any question, by the letters x, y^ or z. Then per- 
form with these letters and the known quantities, by means of the 
common signs and rules, the same operations, according to the 
nature of the question, that it would be requisite to perform, if the 
quantities were all known, to prove the truth of the statement 
contained in the question. The result, will give an expression or 
equation, from which the value of the unknown quantity may be 
detennined. 

60. In most questions, where it can be done, the best rule to 
be observed, is, to denote only one of the unknown quantities by 
a? ory, and then to find an expression for the rest, from the nature 
of the question. Then the above general rule may be employed, 
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with the assistance of any other artifice that may be suggested by 
the nature of the question, or the rules of the science^ to obtain 
an equation, which may be more easily solved. 

61. After an equation has been obtained, certain rules and 
axioms are necessary, to find the value of the unknown quantity 
or quantities, and to disengage them from those that are known. 
By these rules and axioms, the unknown quantity is made to 
stand alone, on the left-hand side of the equation, and the known 
quantities, to which it is equal, on the right; the equation is then 
said to be resolved. 

AXIOMS. 

62. Some of the axioms necessary for this purpose, will be found 
prefixed to the Elements of Geometry, (Articles 42 to 4^, in- 
clusive,) and to those axioms the following may now be added. 

63. If equals be multiplied by the same quantity, the products 
are equal. 

64. If equals be divided by the same quantity, the quotients 
are equal. 

65. If equals be raised to the same power, the powers will be 
equal. 

66. If the same roots of equals be extracted, the roots will be 
equal. 

ADDITION. 

67. The first rule necessary to the resolution of equations, is 
Addition, which signifies the collecting of quantities together, ac- 
cording to the nature of their signs, and the result is called thdr 
Sum, 

Rules* 

68. If the quantities are like, and have like signs, their siim is 
found by adding their coefficients; to the amount, the same sign 
is prefixed, and the same letters are annexed, that belong to tJbe 
quantities. 

69. If the quantities are like, and have unlike signs, theii: sum 
is found by taking the difference between the sum of the positive 
coefficients, and the sum of the negative coefficients; the sign of 
the greatest siim being prefixed to the difference, and the letters 
annexed as before. 

70. The reason of this is, that when a positive quantity is added 
to a negative quantity of the same kind, their sum is nothing, 
because the eie deatroys the other. 
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71. If the quantities are unlike, in the letters, or in the powers 
of the same letters, their sum is found by merely arranging them 
in a line (generally in the order of the alphabet) one after another, 
with their proper signs. 

JExctmples, 



3a 


— ^ax 


s^+% 


5a 


— oa? 


6*+% 


a 


— 5aa? 


ft+3y 


la 


—Soar 


Ib+y 


14a 


— ^7aa? 


1064.4^ 


30a 


— 25aa? 


27^+20y 


—3a 


— 7a+ai;2 


5^4*4^ 


+7a 


+2a — 5a?2 


— 5^1 — bxy 


—7a 


+ a— a?2 


+6^+6a?y 


+ 10a 


— 3a+3a?2 


—6ft— Say 


+7a 


—7a * 


♦ —Say 


a 


4ay 


8a2aj2— 3aa? 


b 


box 


7aa; — Qxy 


c 


— 6flg^ 


9xy — 5aa; 


d 


— 5ax 


3a2ar2+ xy 



aJ^h-^c-^-d — 2ay 



1 la^a:^— aar+ ^sxy 



72. If the quantities have letters for their coefficients, instead 
of numbers, these coefficients are to be placed one afler another, 
with their proper signs, and within a parenthesis; while the com- 
mon quantity to which they belong, is to be placed without the 
parenthesis, and generally on its right hand side. 



dx 
bx 
ex 
dx 



Examples. 

ax^^-bx 
^-bx^^^ 
^cx^-^^dx 



{a'\'b'{'C+dpi (g-^+c— l)gg+( a 1 ^- l)x 
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Eocercises. 

1. Add together 2ayy bay^ \ayy lay, and I6ay, 

2. Find the sum of—2by^y —^hy^y — ^S —8^^, and— ^jy«. 

3. Add together a — 2a;^, a — 6a? ^, 4a — a;^, 3a — 5a? ^, and 
7a — a:^. 

4. What is the sum of — 2a2, — 3a2, — Sa^, + lOa^, and 

+ 16a^. 

5. Add together 2ay — 7, — a^-|-8, -f 2ay — 9, — 3ay — 11, 

and 4-120^4-13. 

6. Find the sum of — 3a^4-7a?, 4-3a6 — 10a?, 4-3a6 — ^^. 
— a64-2a?, and 4-2064- 7a7. 

7. Find the sum of x, y, and 2;. 

8. Find the sum of 4.3a:2y, — 2a3^S — 3y«a?, — 8a7«y, a^d 

+2a3^^- 

9. Find the sum of 106^^ — ^2, 50, a^a?^ —Sa^a?,^ +2a2a?2, 

4.2a2ar, and 4-120. 

10. Heqiured the sum of ^(a-|-6) and ^(a — 6). 

11. Add 3a 4- 26 — 5, a-|-56— c, and ^a — 2(;4-3, together. 
12; Add a?'4-aaj2 4-&i?4-2 and x^ -i^cx^ -i^dx — 1 together. 

13. Add x^, x^y x^y — 3a?5, 4-a?^, ~^Sx+2x^, and »*— 
x^.-^x^'^'-x — 1, together. 

Equations to be absolved by Addition. 

Example. 

Given 2a?4-3a?4-4a?4-5a?=70, to find the value of a?. 
Here, 2a;4-3a?4-4a?4-5a?=14r, hy addition; 
Hence, 14a?=70; which being divided by 14, 
Gives, ar=5 (Art. 64). 

Exercises* 

1. Given 3^4-4^^4-5^4-^=260, to find the value of y. 

2. Given 1402?4-132r-f-162r4-2r=350, to find the value of;?. 
8, Given 15Ja:-f-8|a?=24, to find the value of a?. 

73. In the following questions, the general rule (Arts. 59 and 
60) must be employed, to which this important rule may be added: 
Assume that quantity first, whidi appears to be most independent 
of the other quantities, and then find expressions for them in terms 
of the first. 
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Example* 

Divide £300 amongst A, B, and C, so that A may hare twice 
as much as B, and C as much as A and B together. 

Let B's share= x. 

Then, A's 8hare=:2;r, 

And C's 8hare=32r, 



Hence, the sum of the 6hares=6^=£300 hy the question; 

Therefore, ar=£50 (Art. 64). 
Hence, B's share is £50, As share is £50x2=:£100, and Cs 
share is £50+100=£150. 

Exerciseg, 

A. A*s age is double of B's, and B's is triple of C's, and the sum 
of all their ages is 140; what is the age of each? 

2. My purse and money are together worth 20«., and the 
money is worth 7 times as much as the purse; how much is in it? 

3. A person bought a chaise, horse, and harness, for £60; the 
price of the horse was twice the price of the harness, and the price 
of the cliaise was twice the price of both; what was the price of 
each? 

4. Two travellers set out at llie same time from London and 
York, the distance of which is 197 miles; one of them travels 16 
miles a-day, and the other 14 miles; when will they meet? 

5. Divide the number 36 into three such parts, that ^ of the 
first, ^ of the second, and ^ of the third, shall be all equal to each 
other. 

6. A, B, and C bought a hive for 20«.; A agrees to pay ^, B 
^, and C 4; vhat is the proportional share of each? 



SUBTRACTION. 

74. The second rule necessary for the resolution of equations, 
is Subtractiany which signifies the finding of the difference between 
any two quantities, according to the nature of their signs; and the 
result is called the remainder^ or the difference. 

Hides. 

75. If the quantities are like, and have like signs, their difference 
is found by subtracting their coefficients; to the remainder, the 
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9om» sign if the upper quantity is greater ^ or the contrary sign (77), if 
lesSy is prefixed, and the same letters are annexed, that belong to 
the quantities. 

76. If the quantities are like, and have unlike signs, their 
difference is found by adding their coefficients, and to the sum, 
prefixing the sign of the upper quantity, and annexing the letters 
as before. 

77. The reason of this is, that when a positive quantity is sub- 
tracted from a negative quantity, their difference is equal to the 
sum of both considered as negative; because subtracting a positive 
quantity, is the same as adding a negative quantity. In like man- 
ner, when a negative quantity is subtracted from a positive 
quantity, their difference is equal to the sum of both considered 
as positive; because subtracting a pegative quantity is the same as 
adding a positive quantity. 

78. If the quantities are imlike, their difference is found by 
arranging the qufmtities to be subtracted with all their signs chang- 
ed (namely, from plus to mirnts, and from minus to plus,) one after 
another, along with the quantities irom which they are to be sub- 
tracted, in alphabetical order. 

79. These rules are all comprehended in the following one: 
Conceive the quantities to be subtracted, which are generally placed 
in the lower line, to have all their signs changed, and add ac- 
cording to the rules in Arts. 68, 69, 71, and 72. 





Examples. 




7a+6d 


4a— 26 


3a— 17a? 


4>a+Sd 


I2a^-J6b 


8a— .10a? 



Sa+5d 



— 8o+46 



♦ — 7a? 



— 4aj — 3y 
+4ar — 3y 

— 8ia; * 



ex^—i3z 

— 6a;2+ 5z 



7ab+S5x 
— Gab — 5a? 



+ 12a?2— 18;? +13a6+40a? 



6a? ®y — 5x^7y 



c'^t/ + 5a?— 7y— 32?— 4;?2 



a-f-cf 
6— <? 



a — 6+c+c? 
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80. If the quantities hare Uiartd instead of mumeral coefficients^ 
tliese coefficients are to be subtracted, that is, placed one after 
another within a parenthesis, according to the directions given in 
fule (Art. 78), and the common quantity is to be placed on the 
iJgiM; hand side of it. 

Bxamples* 
ax^+bx ax^ — hx^ — x 



{a^^)x^J^{h+d)x (a+c)a?'— (6+d)a:2+(6— l)ar 

Exereites. 

1. Subtract ixy — 8a? — 1 from SxyJ^Sx — 2. 

2. Take — ay + 12 from 5^3^—18. 

3. Iind the difference between —y^ -f 3y 4. 2 and By^ — 2y 5. 

4. Take So— 2aj— ^+7 from 4a— al^— 3^4-8. 

5. Sulitract — ^2— 7aa?+5a:« from 9&«— 2ar+ 13ar«. 

6. Take 6a:«— 8aj— «^ from 5a?»— 4y+a:^. 

7. find the difference ef 5a'^—lax~y^ and 2{kfi^^ab-^z^. 
8* Subtract x^ — ^aX'^a^ from x^'^2ax — a'. 

9. 'Subtract d'^'e»^^fhom a^^^c. 

10. Take bx^+ex^2d bom ax^'^-Ufx^+cx+d. 

11. What is the difference between ^(a+b) and ^o— ^). 

Equations to be rssolved by Subtraction. 

Sxample, 

Given IG|^— 3^=36 — 10, to find the value of ^. 

Here, 16y— 3^=13^, and 36—10=26, by Subtraction; 
Hence, 13^=26; which, being divided by 13, 
Gives y=z2 (Art. 64). 

JSxercUes. 

1. Given 5025—102?— 5«—32;i—22f=S60, to find the value of z. 

2. Given 7y— 2y — l^y — ^^=19, to find the value of y. 

3. Given BOx — 10;r — 5x=75 — 40— .5 to find the value of x. 

81. In resolving questions where fracti<»i8 occur, it is sometimes 
more convenient to assume an unknown quantity with a coeffici- 
ent which is a multiple of all the denominators of those fractions. 
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After paying Away \ of my money, and then \ of the remainder, 
I had 72 guineas left; what had I at first? 

Here let the money=20y, because 4 X 3=20. 

Then \ of it= by 

— ^— 

The remainder=15y 
\ of which is= Sy 



Money left= 12^=72 gs. by the question. 
Therefore, y =6; (Art. 64.) 
Hence, the money=20y=12Q guineas (Art. 63). 

Exercises. 

1. A post is ^ of its length in the mud, ^ in the water, and 10 
feet above the water; what is its whole length? 

2. What number is that whose ^ part exceeds its ^ part by 72. 

3. A line of a certain length is divided into two parts, so that 
the one is | of the other, and their difference is 12 inches; what 
is the length of the line, and of each of its parts? 

4. A captein being asked how many soldiers he had in his 
company, replied, ^ of them are in the camp, ^ in the trenches, 
^ in the hospital, and four in prison; of how many soldiers did 
the company consist? 

RESOLUTION OF EQUATIONS. 
Case. I. JRtUe of Transpositum. 

82. Any quantity may be transposed, that is, carried from one 
side of an equation to the other, by changing its sign, and the 
two sides of the equation will stiU be equal. This may be proved 
either by addition or by subtraction. 

Thus, let z+a=ib; by adding — a to, or subtracting +a from, 
both sides of the equation, it becomes z=b — a (Arts. 43 and 44 
Geometry). 

Again, let z+a — b^c=^d; by adding ^-^-|.6..-« to, or sub- 
tracting -{-£z*^^.c from, both sides, the equation becomes 
z^=d — a+b^~c (43 and 44 Geometry). 

83. In these examples, it is obvious that the known quantities, 
with their signs changed, are added to both sides of the equation, 
for the purpose of exterminating, or taking them away from the 
left hand side, so that the unknown quantity z, may stand akwci. 
Hence, the reason of the foregoVa^ Tvi\<e^ ^'^Na xKKKs&fc'^x* 
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Case II. I^ide of Changing Signs. 

. 84. All the quantities of any equation, may haye their signs 
changed, and the two sides will still he equal. This is ohvious, 
for if two quantities are equal when n^atire, they will also he 
equal when positiye, and vice verstu 

Thus, let a — y=J>—^\ then hy changing signs, the equation 
hecomes,^— ^z=:C--6; hence, by transposition, ^=a-f-c — h; (82.) 

85. It may also be remarked, that if the same quantity with 
the same sign, be found on both sides of an equation, it may be 
taken away from both. (44 Geometry.) 

Examples. 

1. Given y — 4+6=8, to find the value of y. • 

Here, y=8+4— 6; (82.) 

And 8+4 — 6=6; 
Therefore, y=6. 

2. Given 4^—8=8^+20, to find x. 

Here, 4y--3y=20+8; (82,) 
Also, 4y— 3y=y; and 20+8=28; 
Therefore, y=2%. 

3. A person was desirous of giving 3 pence a-piece to some 
paupers, but found that he^had not enough of money by 8 pence; 
he therefore gave them 2 pence a-piece, and had 3 pence remain- 
ing; required the number of paupers? 

Let 2r=number of paupers. 
Then, 32r— .8=the person's money, 
Also, 22r+3=the person's money; 
Whence, 32;_8=22r+3; (Art 42, Geom.) 
Hence, Sz^2zz=3 + 8; (82.) 

Therefore, 2;=:11, the number of paupers. 

JExercises. 

1. Given 3^?— 2+24=31, to find the value of z. 

2. Given 4 — ^9y=14 — lly, to find the value of y. 

3. Given y+ 18=3y — 6, to find the vahie of y. 

4. Given 40— 6;r— 16=120 — 14«, to find the value of z. 

5. A shepherd being asked how many riieep were in his flock, 
said, if 1 had as many more, half as many more, and 7 sheep 
and a half, I should just have 500; how many had he.^ 
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6. In a mixture of copper, tin, and lead, ^ of the whole minus 
16 lb. was copper; ^ of the whole mintts 12 lb. was tin; and ^ of 
the whole phts 4 lb. was lead; how much of each metal was in 
the mixture? 

7. A fish was caught, the tail of which weighed 9 lb. Its head 
w^ghed as much as its. tsdl and half its body; and its body 
weighed as much as its head and tail; what was the whole weight 
of the fish? 

8. A person at a tarem borrowed as much money as he had in 
his pocket, and spent Is; he then went to a second taveniy 
borrowed as much as he had remaining, and spent another Is; in 
this manner, he went to a third and a fourth tavern, and after 
spending a shilling at the last, he had nothing left; how much 
money had he at first? 

9. In a mixture of spirits and water, ^ of the whole plus 25 
gallons was spirits, and ^ minus 5 gallons was water; how many 
gallons of spirits and how many of water, were in the mixture. 

10. At an election 1296 persons voted, and the successful can* 
didate had a majority of 120; how many voted for each? 



MULTIPLICATION. 

86. The third rule necessary for the resolution of equations, is 
Mukiplicaium, which signifies the finding the product of two or 
more quantities according to the nature of their signs; the quan- 
tities to be multiplied together, are called the JFactorSy of which 
the one is called the Multipiicand^ and the other the Multiplier; 
the result is called the Product. 

Rules. 

87. When the quantities have like signs, the sign of their pro- 
duct is always plus. For, when a positive quantity is multiplied 
by a positive quantity, the former is to be added as often as there 
are units in the latter, because the sign of the multiplier is plus. 
And, when a negative quantity is multiplied by a negative quan- 
tity, the former is to be subtracted as often as there are units in 
the latter, because the sign of the multiplier is minusy and sub- 
tracting a negative quantity is the same as adding a positive one. 
(Art. 77.) 

88. When the quantities have unlike signs, the sign of their 
product is always minus. For, when a ne^tv;^ ^s^ukd^^ '>& \sssS5sk.- 
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tiiplied by a poeitire quantity, the former is to be added as often 
as there are units in the latter, because the sign of the multiplier 
is phis. And, when a positive quantity is multiplied by a nega- 
tive quantity, the former is to be subtracted as often as there are 
tmits in the latter; because the sign of the multiplier is minus, 
and subtractbg a positive quantity is the tome as adding a nega- 
tive one (Art. 77). 

89. The coefficients of the factors are always to be multiplied 
together, to obtain the coefficient of the product. 
. 90. When the quantities consist of the same letters, with the 
same, or with different indices, their product is found by adding 
together their indices, and making the sum the index of the com- 
mon letter. 

91. When the quantities consist of different letters, their pro- 
duct is expressed by placing them together, in alphabetical order. 
(Art. 9.) 

92. Whether the factors be simple or compound quantities, 
every term of the multiplicand must be multiplied by every term 
of the multiplier; and if ^e latter consists of more than one term^ 
its products will consist of several lines, which must be all added 
together to obtain the complete product, as in arithmetic. The 
operation in such cases, generally begins at ^e left, and [uroceeds 
towards the right. 

Es^mpks, 

ayca=a^. — a^X— «=«'• — «*X«'=— ^^. 
12ax— 3ft=— 36a6. +3ax +4a= + 12a2. 
—Qab X — 4crf= + 24ja6cef. 2a?« X 3;r3 =6a?^. 



3a— 26 13a2-_c2ft a^^2n + 1 

4« — i2a 4e 



18a— 8Z» 

a+b 
a+h 



a'^J^ab 
+ab+b^ 

a^ + 2ab+b^ 



—26a^ + 2ac^b 4a2e--8c» + 4e 


a3— a6+6« 
a+b 


a^^^^b+ab^ 
+a26— a62^^3 


a3 * ♦ +^5 
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3aj— 2y— 1 a+b+c 



I5x^+I2an/+^ a^+ab+ac 

— 5a? — 4^ — 1 -f-ac-f-6c-|-c^ 



15a?«— .2ay— 2aj— %«— 6y— 1 a^+2ab+2ac+b^+2be+c^ 

93. When the quantities to be multipfied hare Uteral coefficients 
or indices, the coefficients are to be multiplied, and the indices 
added, in the same manner as other quantities. 

JExamples. 
ax^-^bx n . m 



acx^'\'bcx^ 



m , n 



— adx^—bdx^ m+n , tn m 
X ■ +a? y 



aca?*+(&c— arf)a?' — bdx^ +^ y +y 



X ^ +x ^ +x ^ +y ^ 

Bxerdges. 

1. Multiply — 6a: by 5a; lab by — Sac; — ia^b^ by — 6a'6' ; 
Sxyz by J^ay^z; and ^--a^xy by 2ay2. 

2. Multiply 35a?«— 7a by —2a?; and 25a?y+3a2 by lar*. 

3. Multiply 7a2— 36+4c— 8J+7c by — lloa;. 

4. Multiply X — y by xJ^y; and x^+scy — ^^. by x — y. 

5. What is the product of a^ +a^b-\^ab^ +b^ and a— 6. 

6. Fmd the product o£a^+ab+b^,snd a^-^+b^. 

7. Multiply Sa^—2ad+5 and a^+2adS together. 

8. Multiply 2a»— 3aa?+4fa?« by 5a«--6aa^— 2a?«. 

9. What is the product of a^+a^+a^+a^+a+l by a — 1. 
10. Find the product of a;'— aar^-f-Aa^— c and a;^-— cKr^-c. 



11. Muhiply a^ by a y x , and a\ by ax^ 

Equations solvable by Multiplication. 

.JSxan^fk, 
A person on his wedding day, was thrice as old as his wife; 
but on the fifteenth anaiyetsary of that events it ba^^^eiied^hsdwV&k 
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was only twice as <>ki; what were the ages of ^e bride and bride- 
groom? 

Let a?=bride's age, 
Then, 3a?-:^bridegroom'8 age, per question; 
Hence^ X'\^15=^ihe wife's age, per question, 
' And 3^4" l^=the husband s age, per question ; 
Therefore^ Bx-^ 15=:2 x (^+ 1^) per question; 

Now, 2 X (^+ 15)=2a;4-30, by multiplication; 
Hence, ar+15=2a?+30; 

And 3;r-^-2a?:=330— 15, by tran^osition; 
Therefore, ar=15, the bride's age; 

And 347=45, the bridegroom's age. 

JSxercises. 

1. Two persons, A and B lay out equal sums of money in 
trade; A gains £126, and B loses £87; A's money is now double 
of B's; how much was the equal sum laid out? 

2. Divide the number 75 into two sudi parts, that three times 
the greater shall exceed seven times the less by 15. 

3. A rectangular board is 9 inches in breadth, and equal to a 
square foot in area; how much greater than 12 inches is it in 
length? 

4. Two boards are equal in area; the breadth of the one is 18 
inches, and that of the other 16 inches, and the difference of their 
lengths is 3 inches; what is the lengdi of eadi, and llie area of 
both? 

5. Six gamesters. A, B, €, D, £, and F, sst down to play, with 
the followi^ sums on the fable: A £68, B £73, € £83, D £86, 
£ £84, and F £61. A constable happemng to mdke his ap- 
pearance amongst them, each of the fidlows sdsed as much as he 
could, and made his escape. When they net agam after the hurry 
was over, it appeared that if each were to give up the following 
-parts of what be had seized in die scramble, namely, A j^, B §, 
C |j D 1^, £ ^, and F ^, and the amount were equally divided 
among them, then every one would hare bis own money again; 
how much did each man seize? 



DIVISION. 
94. The fourth rule necessary for the resdutien of equations, 
is Dwmom, whick signifies the iodtng iww ixibuoL cam qaantity is 
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contained in another, regardbeing liad to the nature of the signs; 
the quantity to be divided is called the Dividend^ the quantity by 
which it is to be divided is called the Divisor, and the result is 
called the Quotient 

Rides. 

95. When the quantities have like signs, the sign of the quo- 
tient is always phM^ For, when a poeative quantity is nrakiplied 
by a positive quantity, the product is positive (87); hence, when 
that product is divided by a positive quantity, the quotient must 
be positive. And, when & negative quantity is muhipHed l>y a 
p o sit ive quantity, the product is negative (88); hence, when that 
product is divided by the negative quantity, the quotient mUst be 
positive. 

96. [When the quantities have unlike signs, the sigit of the 
quotient is alwa3rs mimts. For, when a negative quantity is mul- 
tiplied hy a.positive quantity, the product is iiegative (88) ; hence, 
when that product is divided by the positive quantity, the quotient 
must be negative. 

97. The coefficient of the dividend is always to be divided by 
the coefficient of the divisor, to obtain the coefficient of the quotient. 

98. When the quantities consist of the same letters, with dif- 
ferent indices, their quotient is found by subtracting the index of 
the divisor from that of the dividend, and making their diiSerence 
the index of the common letter* *> 

99. If the quantities have the same index, their quotient is 
unity; hence, such quantities cancel -each other, but the quotient 
of their coefficients, or of the other quantities is to be found. 

100. When the quantities consist of different letters, their quo- 
tient is expressed by placing' them in the form of a fraction, with 
the dividend for numerator, and the divisor for denominator (12). 

101. When the 'divisor is a simple quantity, and the dividend 
either simple or compound, it is to be divided by the divisor ac- 
cording to the above ntle8« 

102. When both the divisor and dividend are compound, then 
the first term of the dividend is to be divided by the first term of 
the divisor, and the ve^t is the first t^nn of the quotient. All 
the terms of the divisdr see then multiplied by this first term of 
the quotient, the product is placed -under the similar and corre- 
sponding terms in the dividend, subtracted from them, and the 
next term of the dividend brought down to the rexsvaxsA^^x ^^ 
division is then carried on aa befoTe, \Vk« conaikOTi ^^tsv^"^^* 
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Exanqiiks. 

a d^ 



I2ax^ S6a6 — 14o»a?a 

— Sa; 3a —doc 

6a)10adu-15a£ — av)30e»&— IRv^ 7a)14a3— 21a6-.7ac 

26— 3a? — 5a+3a? 2a«— 36— c 

x+y)x^^2xy-\^y%x+y a— ^)a«— 62(a+6 

* a^^+y^ * +a6— 6« 

ay+y« +a6— 6^ 

a+i)a*— 6*(a'— a2i+a62— 65 



•_a56— aa6« 

* -f aa6«— 6* 
+a«68+a63 

♦ -_a63_54 
— <i65— 6* 



* * 



2a«— 3a6 + 62)4o4_9a26« + 6a6'— 64(2a« + Sofc^^ 

4a*— 6a'6+2o26« 

* +6a56L-lla86a+6a6« 
+6a56t— 9a26«+3a6' 

* _2a«62+3a65— 6* 
— 2a26«+3a65— ^* 
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103. When the quantities to be divided hare literal coefficients 
or indices, the coeffidents are to be divided and the indices sub- 
tracted, in the same manner as other quantities. 

EQcamples. 
aa^b)acx^ + {bc+ad)x+bd{cx+d ^ ^ ^ 

acx^+bcx X +ar y ^ ^ „ 



+adx+5d 



Exercises. 

1. Divide IQa^ by 8a, and —I2a^x^ by ia^x^. 

2. Divide -^ISay^ by — Sat/, and -f ISax^y by Box. 

3. Divide 3a'-f-6a> +3ah-~l5a by 3<r. 

4. Divide Sahc+ 12a&»— 9a2i by 3a6. 

5. Divide l5a^Bc-^l2acx^+Bac by — ^oc. 

6. Divide a^—2az+z^ by a— -ar, and 2y»— 19y«+26j^— 17 
byy— 8. 

7. What is the quotient of o'+5a^a?-|-5aa:^+a?^ by a-f-o;. 

8. Find the quotient of a;^ -)- ^ ^7 ^+ ^> ^^^ ^^^^ — 1 ^7 ^i' — 1* 

9. Divide 4Sa^—76a^bS4>aB^ + I05b^ by 2a— 3^. 

10. Divide 4c*— 9«2+6c— 3 by 2c2+3e— 1. 

11. Divide a;^— a^ by a;— a, and a^ +4x1^5+85^ by a-|-25. 



12. Divide adc by a~^^~^c""^ and a%^ by a^^^. 

Equations solvable by Division. 
Exan^pHe, 
A servant agreed to live with his master for £8 a-year and a 
fivery, but left him at the end of 7 months, and received only 
£2 : 13 : 4 and the livery; what was its value? 

Here, let 12^==the livery, £8=1920d and £2 : 13 : 4=640tf. 
Then, 12v-f- 1920=a year's wages. 
12a?+1920 

And =07-1- 160=a month's wages; 

12 
Hence, (ar+ 160) x 7=7ar4. 1120=seven months' wages; 
But 12a;-f-640=:^ven months' wages by the question; 
Hence, 12v+640=:7;r+1120 (42 Geometry); 
And 12a?— 7a?==1120— 640, by transposition; 
Therefore, 5a?==480, and jc=96 (64); 
Hence, \2x=\\SML=t^^ \ \^> ^liXwwj^ 
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Eacercises. 

1. A person left £560 between bis son and daogbter, to be 
diyided in such a manner^ that, for every half crown the son re- 
ceives, the daughter shall receive a shilling; what were the shares 
of each? 

2. Two Persons A and B, have both the same income; A saves 
^ of his yearly, but B by spending £50 a year more than A, at the 
end of 4 years finds himself £ 100 in debt; what is their income? 

3. A person has two horses, and a saddle worth £50; if the 
saddle be put on the first horse, it will make its value double 
that of the second ; but if it be put on the second, it wiU make its 
value triple that of the first; what is the value of each horse? 

4. A person in play lost a fourth of his money, and then won 
back 3«; he again lost a third of what he now had, and then won 
back 12«; lastly he lost a seventh of what he then had, and found 
he had 24«. remaining; what had he at first? 

5. It is required to divide the number 90 into four such parts, 
that if the first be increased by 2, the second diminished by 2, the 
third multipled by 2, and the fourth divided by 2, the sum, dif- 
ferencoy product, and quotient, shall all be equal? 

6. The quotient and remainder of a number in division, are 
each 21; and the divisor is 7 less than their sum; what is the 
dividend or number to be divided? 

RESOLUnON OF EQUATIONS. 
Ca8£ hi. Ride for clearmg of Fcutors or Divisors. 

104. If the unknown quantity in any equation be affected with a 
factory multiplier^ or coefficient, it may be taken away by dividing 
an the rest of the terms by it; and if the unknown quantity be 
affiscted with a divisor, it may be taken away by multiplying all 
the other terms by it. The first part of this rule evidently de- 
pends on Art. 64; and the second on Art. 63, and the obvious 
principle, that if a quantity be multipfie^ and then divided by the 
nme quantity or number, it wiU remain the same. . 

« 

I. Giten ax^Sal^~-4! to find the value o(x. 

x:=:U — i • 
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2. Given 6ax^—l2a6x^==3ac^+Gax^y to find the value ofx. 

2X'-Ai5=x+2 
Hence, 2x — a;=46-f-2, by traa^sition; 
Therefore, 27=464-2. 

3. Given (-6=/^, to find the value of a;. 

a 

SB 

Here, ( — ^c=b) x a=x+ac=ab; 
a 

And x=ab — acy by transposition. 

x^ 

4. Given x+a=: » to find the value of x, 

X'\'a 
Here, (a?+a)x(ic+«)=^S V ^^® ^®5 
Hence, a;^4.2a27-f-a^=a;^, by multiplying; 
Therefore, 2ax+a^=0 (85); 

Hence, 2aa?=— ^^, by transposition; 



Therefore, x= , by the rule. 

' 105. Cor. From this rule it is also obvious, that if the same 
number or quantity be found in all the terms of an equation, either 
as a multiplier or divisor, that it may be cancelled from each term, 
and both sides of the equation will still be equaL 

JExampleg. 
Thus, if cuc=ab+aCf then 2?=i64-€! by cancelling a. 

And if — = — -I , then z=:6+c by cancelling y. 

y y y 

Exercises. 

1. Given hay — 3i5=2ay-f-c, to find the value of^. 

2. Given J^ 4-5i5=6c, to find the value of ^. 

3a 

3. Given , ^, =1 — ^, to find the value of ^. 

l+i6 ^ 

4. Given ^+fy=3a+^ to find the vabe ofy. 

a — b . 

106. Note. In this last equation, as in many others, where the 
unknown quantity is affected by different coefficients, it is usual 
to put them within a paren^esis, and then to annex the unknown 
quantity. Thus, Sa^+Z»y=:(3a-|.%. (la) 
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ALOEBRAIC FBACTIONS. 

107. A knowledge of Algebraic fractions being necessary to 
the resolution of equations, tiiough the rules of operation are nearly 
the same as in Arithmetic, yet they are here repeated shortiy, for 
the sake of reference and connection. 

Case I. To Jmd the greatest common measure of a Fraction. 

108. Bvle. Divide the greater term by the less, the less by 
the remainder, this remainder by tiie next, and so on successively, 
till there be no remainder left; the last divisor is the greatest com- 
mon measure. 

109. Note, 1. If, previous to the division, or during any step 
of its progress, there exist any common factor in all the terms of 
the divisor, cancel it; that is, divide all those terms by it, before 
fartiier operation. 2. If any of the divisors become negative, they 
may be made positive without affecting the result. 3. If the first 
term of the dividend does not contain the first term of the divisor 
exactly, in those cases where there is a common measure, the 
dividend may be multiplied by any number or quantity that 
will render its first term exactiy divisible by the first term of the 
divisor. 

Case II. To reduce a Fraction to its lowest terms. 

110. Rule, Find the greatest common measure (108), and di- 
vide both numerator and denominator by it, the quotients will be 
the fraction in its lowest terms. 

2. Find the greatest common measure and lowest terms of the 
Fraction ^ 



y^+y^ 



y*— l)y^+y5(y 



y^—y 



y)y^+y 



Greatest common measure, y^+^)y^ — ^(^^ — ^ 



_y2_l 

—y^—i 

y^-flliLL =^— = — , lowest terms. ^^ ^ 
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2. Find the .greatest cbmmon measure and lowest terms of the 

8a»— 2a— 1 
fraction} • 

4a5-^a2— 3a+l 

3a«— 2fl— l)4a5_2aa--3a+ 1(4<«+2 
3 



12a5— 6a2_9a+3 
12a3— 8a2— 4« 

2a2— 5a+3 
3 



6a2_15a+9 , 
6o«_ 4o— 2 

— ll)--lla+ll 



Greatest common measure, a — l)3a^ — 2a — l(3a-f 1 

3a2-^a 



+a— 1 
+a— 1 

* * 

3a2-.2a--l 3a+ 1 . 

a — 1) '• ==— ^ , lowest terms. 

4a5— 2a2— 3a+l 4a2 + 2a— 1 

Exercises. 

I * * " 

Find the greatest common measure and lowest terms of the 

x^ — a' a* — a?* x'^+a^x^+a^ 

fractions, •, , -, 

0?* — a* a^.-^^^x-'-ax^ +x^ x^+ax^ — a^x — a* 

2ar5— 16a?— 6 7a2— 23a5 + 6^2 

-, and 



3a:5— 24a:— 9 5a^—lSaib+llab^—6b^ 

Casb III* 2b reduce d whole or mixed qucmtify to an improper 

Frdction. 

111. Bade L A whole quantity is made an improper fraction, 
hy putting unity for its denominator. 
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1 12. JRule IL When the quantity is mixed, that is, partly whole 
and partly fractionaly multiply the whole or integral quantity, by 
the denominator of the fraction, and to the product, add the nu- 
merator when the fraction is (affirmative, or subtract it, when 
negative; place the denominator under the result, for the improper 
fraction required. 

Exan^ks. 

5 b 

1. Reduce 3_. and a-| to improper fractions. 

8 c 

Here,3^=fl; because (3x8) +5=29. 

And o-| = — i- ; because (a x c) + b=ac-\-b. 



2. Reduce x — and 1 J^~b^- ^to improper fracdouB 

Here, x — ^.. , = .. ; because (xx^) — a^+x^=2x^ 

XX 



Q 



(76.) 



a'+be _1 +b—e+a^ . 



And l4.fe+" -t-'>^'T'^-*T" . because {l+6)x{l— c) 

1— c 1— c 

+a^+bc=l+b—c-^+a^+bc=l+b—c+a^. 



Exercises* 

1. Reduce 1 and 5a -| H^ to improper fractions. 

» a a 

Qjt I /pfl 2ic— 7 

2. Reduces; — — X — and 5-f to improper fractions. 

^a nx 

3. Reduce 1 — ^""^ andl-|-2^-| to improper fractions 

a 5x 

Case IV. To reduce an vmproper Fraction to a whole or mixed 

quantity. 

113. Eide. Diyide the numerator by the denominator, and the 
quotient will be the quantity required. If there be a remainder, 
place the denominator under it, and annex it to the quotient, with 
its proper sign. 
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1. Reduce — and ' — to whole or mixed quantities. 

5 a? 

xj 27 ft2 _, aa:+a?« 

Here, — s=5-;^^and — J- — =a4-a;. 

5 5 X 

2. Reduce — H^ and — ^^^ — -— to whole or mixed quantities. 

a+y a— 6 

Here, ^!±l^=«_y+^; and ?!=^=o8+aJ+ft8. 

JExereises* 

1. Reduce , — and , — to whole or mixed quantities. 

CKf Or—b 

2. Reduce — i— and ^ ^ „ to whole or mixed 

bx x^+y^ 

quantities. 

3. Reduce — i_- i Jt — to a whole quantity. 

Case V. To reduce Fratetions to others of eqtcal value, having 

a oomimn deiwndnaior, 

1:14. 22^ ' 'Multiply eacii fracticm by llie denotnmators of all 
the rest sdccessitely, and the piodui^ts will be the equiyaletit 
fractions required. . 

115. The reason of this rulle is, that if both the numerator and 
denominator of a fraction be muMplied by the same nufidfber or 
quantity, its value remains the same. * ' " ' ' 

JSxampies. 

1. Reduce the fractions — and ---• and the fractions -^ and — 

2 3 h d 

to others, having a common denominator. 

2 .6 b'bd 

*v2— ^ * vft— *^ 

3-^^-T d^"7fid' 

2. Reduce "' , ' , and — , to fractions having a com- 

c a-f-6 4y 

mon denommator. . 
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Exercises. 

1. Reduce — and --^to fractionfi haying a common denominator^ 

a a 

2. Reduce — , — , and ^"T » ^ fractions having a common 

2a 3c 5a; 

denominator. 

3. Reduce — , — , and ' , to iraetioas having a common 

2 3c o— a; 

denominator. 

4. Reduce a and "^ . to fractions having a common denoni- 
inator. 

Case VL 7b oc^ FractUms. 

116. i7t^. Reduce this fractions to others having a common 
denominator, if their denominiitorB are ^ot the same; th^ add the 
numerators, and. under the sum, place the common denominatoxv 
for the sum of the fractions reqidred. If the quantities are mixed, 
it is easiest, in g^eral, to add the whole quantities hy tkems^es, 
and prefix their sum to die sum of the fractions, as found, hy the 
rule. 

Examples* 



X X _„j X 

y logeiner. 

Numerators. 



1. Add ^ 5., and ^, together. 

2^ 3 4 ^ 



|X3X4=^.....,.... 12a: 

T^^><^-S ^ 



Sum of the fractions=.-— =l-j^. 
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2. Find Ae suili of «+4> y+4-» "tl « — ti* 

b a f 

Here. « And+ |.xdx/=+-^ 

Now, cKy+ftc^— &fe=8um of numerators. 
Hence, a?4-y+2+ ^'^.£, ■ ^ =sum required. 

4,^ If 2 

1. Add together the fraptions, ^ and . 

2. Find the sum of the fractions,—, ---, and _. 

3. Find the sum of 2a, 3a+---, and a — --. 

4. What is the sum of 5a+?!l^ and 4a fL — . 

3 6a .r 

5. find the sum of 5Xf ^ ,, , and : . 

3^ • 4a:.. ■ 

Case VII. To svibtract one Fraction from anc^er. 

117. JRule* Reduce the fraedons^ to others having a common 
denominator, if no€ «o given; the^. subtract the numen^ojr of the 
one .froi» the pumerator of thfa ptber^and und^ th0; difbi^eqc^ 
place the common denominator, for the difference of. the fuM^trpus 
.f^uifed^ If Ae quantities are mixedt Jind the jdiffermice of the 
whote^ q<uMaddtiee> and prefix it to that of the fractipn^.as fou^d by 
i|be ruleb 

jExamples. 

' 1.' Find the difference between -^ and ^ 

b d 

Numerators. 

T-x"-^ -^ 

-5X'=-S- ■■■■;±_ 

Difference of the fractions, — r-^ — , 

oa 
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2. Find the difference between «+^^ and 2a. ^^^^"^^ 



2b 3c 

Here, 2a And .■ ^^ x 2^=-^^^^^ 

a ^ 2b ^ ^ ebc 



Now, — (4d^--8ito)-^3ca?--Aw)==--(4a*--8to+3«c--3ac) 

difference of the numerators; 

Tj 4a5 — 8&r4.3ca:^ — Sac %.i«. • ^ 

Hence, a ^f ^difference required. 

ExercUes. 

\2x 3x 

1. Find the differmce of and --.. 

7 5 

2. Find the difference of 15v and -jL^. 

^ 8 

-3. What is the difference between and 



b'—c 6+c 



4. Subtract a?— ±=2 from xJ^ ^ 



2b 



5. Take a-f> . from ojc-f* 



a(a-{-a7) a(a — x) 

Case Vni. 7b muUi^ Fractums together. 

1 18l Ruh. Multiply the numeraton together for the nameimtor 
(of the product, and the denominatorB togiether iae the deMmuMitor 
of the product. 

119. To multiply a fraction by a whole mimber, or tfauniStlj* 
Multiply the numerator only by the muhiplkr, or divide the^* de- 
nominator by it ; if the denominator of the fraction be the wme as 
the multiplier, the product is the Tmmeraior, 

120. When the quantities are mixed, reduce them to improper 
fractions, and then multiply according to the rule (118). 

Exam^^. 

1. Multiply 4 by 4- Here, 4 x4=S» product. 

b a b a ba 

2. Multiply — and "*" ■ together. 

a ct^'-x 
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Here, ± X ?±f =?|±f!, pKHhict. 
3. Multiply 5. by 4, and ± by 3. 

Here, -- x t =-r=*'' ®"^ "T a=T-=^- 
4 14! 4 -f-4 1 

3 3a; a? x x 



Also, 4 X 4=^=4-; or ^ „= 



12^1 12 4' 12-1.3 4 



Exercises. 



1. Find the product of —. and 



5 2a; 

2. Find the product of ^, -i^, and -fL^ 

3. Multiply 3ar, f±i, and ±=1, togeAer. 

2a «+* 

4. What is the product of 2aA and 3a . 

a ax 

5. Multiply , , — — -j7, anda+--^ together. 

a+6 aa?-)-a?^. ti-r^ 

Case IX* To dwide cm Fnu^um bp anoAer. 

121. JRule. Multiply the dividend by the reciprocal of the 
divisor (50), the product is the quotient required. 

122. To divide a fraction by a whole number or quantity. 
Divide the numerator of the iractioii by the divisor, oc multiply 
the denominator by it. 

123. Wh^ the qvantitieB are imxed> reduce ihem* to improper 
fractions, and then divide according to the rule (121). 

JExampks. 

1. Divide fL by 4- Here, fL x —^==^ quotient. 

o a c DC 

2. Divide 5±f! by .±hi. 

X — b oxJ^a 

Tj^«« af+a^5a?+a 5ar^4.6aa;4.a^ ^ , 

Here, — E- x — ?V= -^ — i? — > quotient. 

a?— ^ x-^-b. x^ — b^ 

3. Divide — by 3, and — by 4a. 



32 FRACTIONS. 

Here, h-r-= — 5 <>*•> o=-o — = — 

a I a a x3 da a 

.j4a4!al 4a 4a 1 

4>^ 1 46 4fOx4^ 16a^ 46 

ExercUes. 

. . 7a 3 4a^ 

1. Divide --- by — , and — —— by 56. 

5 a 7 

2. Wbat is tbe quotient of ' and -— . 

6 3 

3. Find the quotient of and -~. 

4. Divide !^±f! by -^, and a by ^ 



5. What is the quotient of a+- by & — . 

1— a J 



4flE 6#^ 
6. Find the sum, difference, product, and quotient of ~- and — -^ 

. 5o 7a 

RESOLUTION OP EQUATIONS. 
Case IV. Hide for clearing of PrtiUians, 

124. An equation is cleared of fractions by multiplpng all the 
terms by eadi of the denominators suceesmvely, or by a multiple 
of all the denominators (63 and 119). 

Exan^pks. 

1. Tbu% if i!Llf J^^-i^ssscf; then, multiplying by a, 
a b c 



Gives y J^^^ ^ r- nod -y again, multipl)dng by W-. 
b c 

Gives ^-}-ay-t- ^^ =abd; lastly, multiplying by c^ 



Gives 6e^-(-ac^-(-a5y=a5ccf; 
Whence, {bc^ac'\'(ib)y^=sabcd\ 

abed 



And y = 



i6c-f.ac-|-a$ 



2. Also, if lt=?+ y =20— Itzli; then, multiplying by 6, 

which is a multiple of the denominators (46), gives 3y — ^9-(.2y=: 
120— 3y + 57; whence, 3y + 2y + 3y=120+57 + 9 (82); 
hence, 8y=186, and y=23^. 
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Exereiaea* 
1. Given 0?-}-^+ -o"t"'Q^==^^' ^ ^^ ^® value of ^. 
2; Given 2y—- ^•if.)=% — 2, to find the value of ^. 

/V jM JM "7 

3k Given -^ +--r =-=?-?» to find the value of z, 

4u Given -X — }-■— -:g=l— . , to find iJie value of ar. 

5b Given — h--- — ^— ^ — , to find a?. 

4 ^3 2 3 

6w Given h<>=^9 to find the value of x. 

7. Divide a line of 15 inchei length, into thvee such parts, that the 
first shall he the half of the second, and the second the |ialf of the 
third. 

8L Divide 100 into two such paits, that if a third of the one be 
taken from a Iburth of the other, the remainder shall be 11? 

9. What numhef i9 that of which a half and three fourths are 
equal to 1 ? 

10. What mmib^ is diat of which f of f plus ^ of ^ of it, are 
equal to 11? 

11* The triple, the half, and the four|h of a certain numlter, are 
equal to 104; what ia the number? 

12. A man and his wife usually drank ^ cask ^f beer in 12 
days, but when thf mai^ was i^bs^nt it lasted the wife 30 days ; 
how long wotdd the maii alone take to drink it? 

13. A cistern has three pines, which will fill it in 3j| 5, and 7 
hours reapectively; in what l^ne will they fill it, if they be all set 
a-ninning at once? 

14. Two persons can perform a piece of work in the times a and 
b respectively; in what ^mp can they perform it bot^ working 
together. 

N<4b. Several of the questions formerly prpposed, may be solved 
by this rqle withoi|t supposing a quantity wit)i a particular 
coefficient, as was done in some of the preceding cases. 

INVOLUTION. 
125, Involution signifies tke raising of Powers; and is per- 
formed by i3b» ipultiplication of a quantity, first into itself, and 
then into each successive product; (51). 

F 
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Hides. 

127. To find any power of a simple or compound quantity. 
Multiply the quantity into itself, and into each successive product, 
as many times as are denoted hy the index of the power required 
minus one, (because the first power of the given quantity is found 
without multiplication, being the root,) and the result is the power 
required. 

128. To find any power of a simple quantity, it is most con- 
venient, first, to find the power of the numeral coefficient, if there 
be any, either by the table or by the preceding rule; then to mul- 
tiply the mdex of the quantity by the index of the required power, 
making the product the new index of the quantity, and prefixing the 
power of the coefficient for the answer. 

129. When the sign of the root is plusy the signs of all the 
powers will be j^tis (87). When the sign of the root is minus, 
the signs of all the even powers, u €• the 2d, 4th, 6th, &c will be 
plus; but the signs of all the odd powers, t. e. the 3d, 5th, 7th^ &c 
will be minus (88). 

130. To find any power of a fraction. Find the required powers 
both of the numerator and denominator, and they will be the 
numerator and denominator of the answer. 

Examples. 

1. Find the powers of a and a^, from the 1st to the 5th in- 
clusive. 

assist power or root a^=lst power 

a^=2d power or square a^=2d power 

a^=s$d power or cube a^=3d power 

a^:=4>th power or biquadrate o^=4th power 

a^ =5th power. a * ® =5th power. 

2. find the fourth powers of — 3a and — 2ax^, 

Here (— 3a)4=+81a4; and (— 2a««)*=: + IGa^arQ. 
Or, — 3a root. And — 2aa?^ 1st power. 

—3a —2ax^ 



+9a* square. -J-4a2a?* 2d power. 

—3a —2ax^ 



—27a* cube. — Sa^x^ 3d power. 

—2ax^ 



-f«81a^ biquadrate. -|- 16a^4;^ 4th power. 
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3. Find the cubes of — and 



a a6 



Here, (4:)3=- ;and(-^:^V 



a' a? ^ W 'inh^ 

4. Find the cubes of an— a and 2a;-(-3&. 

X — a root. 2a; 4- 36 

a*— a 2274-36 






;i;S — 2aa;4<a^ square. 4i;^4.12&r.f 96^ squase. 

2a;+36 



a:5_2aa.2 ^^e^? 8a?' + 24&r2 ^ I86«a; 

.,-,ac2 + 2a2»-^5 +12&r2+3662a?+2765 



a?5 — 3aa?2 + Sa^ar— a' cube. 8a?' + 36&r* + 5452a? + 276' cube. 



Exercises. 

1. *Find the cubes of ^^^ So, 5a 2, and 7a^. 

2. Find the biquadrates of %a^x and 7a'a?^. 

3. Find the cubes of — —jo'^y^^ — : — and — ■ . 

3 .be 86^ 

4. Find the fourth power of a^J^h and the fiCUi pow^r of a«-^. 

5. Pind the eighth powers of l-(-a? and ay^z^. 

iSiR Isaac Newton's Rule> 
^or finding any Paww ijfu ^vfnomaL 

131. Formula I. (a+6f =a'*+na*^^6+n. f=l^a«~^6^+ 

Wt— 1 w — 2 n — 3,3 , Q , . » 

"2^* "3"^ "*"' "*" ' 

132. Formula U. (o-^f =a'*..-^'*^^6+«. 2=ii'*— ^6^_ 

n — 1 n — 2 n — 3,3 , « , , « 

7}. — ^— — Q-~^ ^ ~r »c.......-(-^ • 

133. Ritle. 1. The number of terms in any required integral power 
of a binomial, is always one more than the number denoted by its 
index. 2. The first term is the required power of the first quan- 
tity in the 'binomial, and the last term i» the smne power of the 
second quantity. 3. The first quantity then decreases by one in 
its index in the intermediate terms, fi'om the second term, in 
whicfi its index is one less than that of the first term, to the last 
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term but one, in which it is unity. 4. Buit the aeeond ^lantity 
increases by one in its index in the intermediate termsy from the 
second term in which its index is unity, to the last t^m but one 
in whicdb it is one less than that of die last term, 5. The sum of 
the wdiees joi both quanlities in any term b equal to the index of 
the iiaquire4 power. 6^ WJbrai the ^coefficients of the binomial aie 
u^jiifey^ the coefficients lof the tot -and last tenns oi the power are 
always yiniiy. 7. The jcoeffidient of the second, term is always the 
index of ikiB first t^rm* 8. The inefficient of every succeeding 
term is found by multiplying the coefficient of the preceding term 
by the index of the fijrst quantity in it, and dlyidiog the product 
by the index of the second quantity in the required term; that is, 
to find the coefficient of the third term, multiply the oaefficient of 
the second term by the index of the first quantity i» that term, 
and divide the product by the index of the second quantity in the 
third term, &c. 9. The sum of the coefficients of all the terms 
is equal to that power of the number 2, denoted by the index of 
the required power. 10. When the signs of both terms of the 
binomial are plus, the signs of aH the terms of the power, will be 
plus, and vibe versa. But wJben the sign of the one is plus, and 
ithat of l^e other minus, l^en the signs of ithe terms in the powei^ 
wiH be plus and muMis altemateiy. 

1. Pind the 6th power of a-^a?, and the 7th power of a— or. 
Here^ the teums of iha 6th power of a-|-a; without the coefficientfl^ 

are, a®, a^x^ a^x^f ii'a?', a^x\ ax^y x^; 
And the coeffidents .<xf each of the terms, witlMMit' the quantiitiee^ 

are, 1, 6, -^=15, ' ?=20, _-l :?=li5, — ^ =6, 1; Henc^ 
S 8 4 5 

(a+x)^=d^ J^6a^x+ 15a*a?« +20a'ar«+ I5a^x^+6ax^ +x^. 

Again, th^ terms of the 7di power of a — Xy without the coeffip 

.cients^ are, a^, a^x, a^x^y o*a?', a^a?*, a^x^, op^, x^ ; 

And ihe .coefficients are, I, 7, ^=21, i^»S5, ^^, 

1|:?.=21, ^=7, 1; Hence, {a-«)'^=a7—7a6«+21o5«> 

— 35a*a?5 +35a5a?*— 21a2a:5 +7aa!6— 4;^ 

134. Thi« rvfe may aWo be employed to fiiid any power of $ 
tiinomial, quadrinomial, j&c by putting any two w three 4)f the 
tenos within a pacenthesis, and then expanding the expression in 
the same manner as if it were a binonnid. 
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2. Fiod the 4th power of a-f 6-(-c. 
Here, a-(-d-(-c=(a-(-6)-(-^9therefore, bythe rule, ( (a-(-6)-f.0)^= 
{a+b)*+^a+b)^€+6(a+b)^c^+4{a+b)c^+e\ 
But, {a+b)^=a^+4!aH+6a^b^ + 4!ab^+b^; and 4f(a+b)^e 
=:4c (a' +30^64.306^ +6^ )=r4a'c+ 12a0^+ 1206^0+4^0; 
also, 6(a+b)^c^=6c^(a^+2ab+b^)=6a^c^+ I2abe^+6b^e^; 
and 4(a-(-6yr^3=:4ac'-f.4fo'; whence, ooUectmg all the teniM> 
{a+b+c)^=a^+4a9b+6a^b^+4^xb'+b^+4xi^e+l2a9be+ 
12a6«0+46»<?+6tf ^tffl + 12afc« +66«c« +4ac5+4fc» +c*. 

1. Find all the powers of a-f-y, from the 2d to the 8th. 

2. Find the 10th power of a — y, the 5th power of a— 6-f.<^ 
and die 6th power of 2-(-a;. 

3. Find the 4th power of 2a7-(-3z, and the cube of a 4-^+^+'^ 

4. Fmd the 10th power of 12, or IO4.2. 

Evolution. 
135. Evolution, is the extracting of Roots, or the method of find- 
ing the Root or 1st Power of any given Power or Quantity, (52). 

136. TABLE of ROOTS- 



N08. 


Square Root!. 


CttbeBooti. 


Biqnjubrate 

KOOtB. 


Fifth Boota. 


1 


1.0000000 


1.0000000 


1.00000 


1.00000 


2 


1.4142136 


1.2599210 


1.18920 


1.14869 


3 


1.7320508 


1.4422496 


1.31607 


1.24573 


4 


2.0000000 


1.5874011 


1.41421 


1.31950 


5 


2.2360680 


1.7099759 


1.49535 


137973 


6 


2.4494897 


1.8171206 


1.56508 


1.43096 


7 


2.6457513 


1.9129312 


1.62658 


1.47577 


8 


2.8284271 


2.0000000 


1.68179 


1.51571 


9 


3.0000000 


2.0800837 


1.73205 


1.55184 


10 


3.1622777 


2.1544347 


1.77828 


1.58489 



137. To find any root of a simple quantity. Find the root of 
the coefficient, by the tables (126, or 136), or by ihe common 
arithmetical rule, (141), then multiply the index of the given 
quantity, by the index of the required root, or divide by its d^ 
nominator, making the quotient the index of the quantity, and 
prefixing the root of the coefficient, for the answer. 

138. When the sign of the quantity iaplm^ the edgnB of all the 
even roots may be either jei^u^ or minus, (87). When the sign of 
the quantity is minuSf the signs of all the odd roots, will be mimu; 
but the signs of all the even roots, are impossible, that is, their 
roots cannot be found; for example, ^ — a^ is impossible, because 
no quantity, either positive or negative, can be. found, whose 
square is equal to — a^. 

139. The root of a fracti<Hi is found by extracting the roots 
both of the numerator and the denominator. 

140. Those numbers or quantities whose roots cannot be exactly 
determined, are called surds, or irrational quantities (54); of tins 
kind of numbers tiie preceding table is chiefly composed."^ 

JSxamples. 

1. Find tiie square root of IGx^, and tiie cube root of 27ay'. 
Here, ^16a?^=4a?; and '^27a?*=3a?. 

2. Find the 4th root of l&ir^, and tiie 5th root of 10000 a^o. 
Here, ^^I6x^=:2x; and V100000aio=10a2. 

25a^ 

3. Find the square roots of 2a^, and _.--.; and tiie cube roots 

646^ 

8a'5' 
of •— 3a^f and .,. 

Here, ^2a^ =zlAU2136a^ ; and ^?^=^; 

Also, 5^^—806 ==-,L4422a»; and V— 22!£^=^. 

Exercises. 

1. Find the square roots of 4a^a;^, Ba^^^y and ■ .. 

2. Fmd the cube roote of — 125a^a?6, 216a?*y^ md ^* 



3. Find the 4th root of 256a^x^f and the 5tii root of 



I25afi 
S2a^x^o 

243 ' 



* The reader will find in a very useful work, « Barlow's Mathematical Tables," 
the squares, cubes, square and cube roots, &c of all numbers, firom 1 to 10|000. 
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141. To extract the square root of a compound quantity. 
Arrange the terms accor^g to the ordw of their powers, ae in 
IttFobitioo. Find the square root of the first term, and place it m 
the quotient; subtract the square of this root from the first t^ni, 
and bring down the next two terms, to the remainder, if any, for 
a dindend; double the quotient for a divisor, and divide the first 
term of the dividend by the first term of the divisor, for the next 
t«m of the quotient, place this term also on the right of the divisor; 
muMpty the divisor tibus increased, by this term, and subtract the 
product from the dividend; to the remainder, bring down the next 
two tenns, and proceed as before^ 

142. This nde is founded on the theorem, that the s^piare of m 
binomial, is equal to the sum of the squares of the two terms, and 
twice their product; for {a+b)^=a^ J^~2ab+b^. 

143. If there be a remaindw after aU the terms «re Ivought 
down, the quantity is a surd, and the extraction may be carried 
on till as many terms of the root be obtained as are necessary to 
deteimine their law of continuation. 

1. Extract the square rootof a^— 2a6-|-&^; and of o;^ — 4a?' -f. 

a^ +2ab+b^(a+b «*— 4«'+6a?2— 4a:+l(ara--2a?+I 
a^ root. x^ root. 

2a+b)+2idf+b^ 2«a-2a;)— 4a?»+6«r« 
+2ab+b^ — 4a:*+4a:2 



♦ ♦ 2a:2— 4ar+l)+2a?2— 4ar+l 

+2a:2— 4a?+l 

♦ « ♦ 
JSxercises, 

1. Find the square root of a^ — 2ax+x^, and of a^J^~2ab+2ac 

2. Find the square root of 0^4*^'^+^^^^ +^'^'^^4'^^ and 
of a.4_2a?»+|a?«--^+ 16. 

3. Extract the square root of x^ +i!X^ + I0x\+20x^ +2^^ 
+Z4ix+16; of a^ -1-6; and of 2, or 1 + 1. 

144. To find any root of a compound quantity. Find the root of 
the first term, and place it in the quotient, subtract the power of the 
root denoted, by the denominator of its index, from the first term; 
and, to the remainder bring down the second term for a divideiuL 
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Ridse the quotient to such a power as is denoted by the denom- 
inator of the index of the root minus bne^ multiply this power by 
that denominator, an^ divide the dividend by the product for the 
next term of the root; that is, divide by twice the quotient for 
the square root; thrice the square of the quotient for the Qube 
root; four times the cube of it for the fourth root ; && Involve 
the whole of the quotient to the same power as before, and sub- 
tract it from the given quantity or top line; divide the first term 
of the remainder by the same divisor as before, and proceed in 
this manner tiU there be no remainder left, or as far as may be 
considered necessary, if the quantity be a surd, the quotient is 
the root required. 

145. The roots of many quantities may be found by inspection, 
ofL referring to the rule (133); thus, we find that the cube root of 

Example* Hnd the cube root oi x^-^^^x^ — 40a;'4<96A7 — 64. 
a?6+6a?5 — 40a:«+96a;— 64(a?2+2a?— 4 cube root. 

(a?2)«x3=3ar*)+6a?5 
(«2 + 2a;)5= ar6 + 6a?^ + 12a?* + Sa?' 

3a;*) —12a:* 



(«2 + 2x~^Y=x^ + 6a;5— 4(>a:5 ^ 96aN— 64. 



Exercises, 

1. Find the cube root oi a^ ^Sa^b+^ab^ +h^y and the fourth 
root of a;* + 4a?' + 6a?2 + 4aT+ 1. 

2. Find the fifth root of 32a?^— 80ar* + 80a?' — 40a?2 + lOar— 1, 
and the fourth root of a*+4a'3+6a2^^+4a3'+ft*+4a'6+ 
12a2&?+ 12aft«c+ 4&'c+ 6a«ea + 12a&j2 + 6^^c« + 4«c'+4^5 
+c*- 

RESOLUTION OF EQUATIONS. 
Cass V. Ride for clearing of Powers and Surds, 

146. If after the usual operations are performed, as directed 
in the preceding cases, any power of the unknown quantity occurs 
in any equation, its value will be found by extracting the corre- 
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sponding root of both sides of the equation; and if any root of die 
unknown quantity occurs, its value will be found by raising boUi 
sides of the equation to the corresponding power. 

Exan^les. 
1. Given Sat^ — 16=32, and ax^+b=e, to find the values of x. 
Here, ac«=32+ 16=48 (82); hence, a?«=16 (104); and, x 
=4, by extracting the square root of both sides of the equadoo. 

Agam, ax^=c — b (82); hence, «'= (104); and^ a?= 



^y'^— , by extracting the cube root. 



a 



2. Given v"^— -2=3, and 3v'22r-f.7=3, to find the valnai 
ofir. 

Here, (v'';Z:2)2=3«, or (ar— 2)ix(a^— 2)*=a?— 2=9, by 
squaring; whence, 2r=94.2=:ll. 

Again, (V2^+7)'=3', or (2a?+7)*^^ = 2ar + 7=27, by 
cubing; whence, 2ar=27 — ^7=^20; and a?=10. 

147. If the side of the equation which contains the unknown 
quantity be a complete power, its value may sometimes be found 
by extracting the corresponding root of both sides of the equation; 
and the equation may always be reduced to one containing m low- 
er power of the unknown quantity. 

Exampl e, Given x^+6x+9=i25y to find the value of ar. 

Here, ^x^ + 6x'+9=x+S9 and ^^/25=5; whence, a?+3«s 

5, or x=5 — 3=:2. 

Exercises- 

1. Given Sa?^— 15=2a?2 + 12, to find the value of x. 

2. Given 3 a?* +4= 19, to find the value of ar. 

3. Given y^aar+&^=a+&, to find the value of ar. 

4. Given 2+\^Sx=\/S+5xyto find the value of ar. 

5. Given \^a^ +x^= * V"^* + x\ to find the value of*. 

6. Given \/a+y^^=/v/ay, to find the value of ^. 



12 



7. Given /^Z'{'/^6^z=: — , to find the value of «. 

8. GKven y^g+y +y^o — y=3, to fi nd the value of y. 

9. Given a+x=:/^a^ +x^W+x^y to find the value of ar. 

10. Given ./?±i:+>/flll=a, to find the value of ar. 

a?— 1 a?+ 1 

J I. Given j^x^a^c — j^x+bf to find the value of ar. 
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PROPORTION. 

148. Proportion is of two kinds, arithmetical and geometrical. 

149. Four quantities are said to be in arithmetical proportion, 
when the difference between the first and second,. is equal to the 
difference between the third and fourth. Thus, 3, 7, 12, 16, and 
II, a-|-&, tf, c-|-&, are quantities in arithmetical proportion. 

' 150. Three quantities are said to be in arithmetical proportion, 
when the difference between the first and second, is equal to the 
difference between the second and third. Thus, 2, 5, 8, and a, 
d 4- 5, a 4- 25, are quantities in arithmetical proportion. 

From these definitions, the following theorems and problems 
rdative to arithmetical proportion are derived: 

151. If four quantities be in arithmetical proportion, the sum 
of the two extremes, or first and last terms, is equal to the sum 
of the two means or middle terms. For, if a — b=c^-^ (149); 
then, a+d=b+c (82). 

152. Hence, if any three terms be given, the fourth may be 
foun4 by the following rule: Add the means together, and 'subtract 
the one extreme, the remainder will be the other extreme. For, 
if a — b=c — d; then, a+d=b+c (151), and a=6-f.c— ci^ or d 
=:b+c--a (82). 

153. Again, if three quantities be in arithmetical proportion^ 
the sum of the extremes is double of the middle term. For, if 
a— ^=^5^-^ (150); then, a+c=26 (82). 

154. Hence, an arithmetical mean between any two quantities, 
may be found by the following rule: Add the two quantities and 
take half their sum, the quotient will be the mean required. For, 

if a— ^=5— c, then 2b=a+c (163), and b=±t£ (104). 

155. Four quantities are said to be in geometrical proportion, 
when the first is the same multiple or part of the second, that the 
third is of the fourth. Hius, 2, 8, 3, 12, and a^ar^ b, br, are 
quantities in geometrical proportion. 

156. Three quantities are said to be in geometrical, proportion, 
when the first is the same multiple or part of the second, that the 
second is of the third. Thus, 2, 4, 8, and a, ar, ar^, are quantities 
in geometrical proportion.^ 

157. Four quantities are direcdy proportional, when the first 
has the same ratio to the second, which the third has to the fourth. 
Thus, 2 : 8 : : 3 : 12, are directly proportional 
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158. Four quantities are mvergdy proportional^ when the fini 
has the same ratio to the second, which the reciprocal of the third 
has to the reciprocal of the fourth. Thus, 2, S, 12, 3, are in- 
Tersely proportional; for, 2 : 8 : : -j^ : ^ 

159. The nature of geometrical proportion being fullj es^laiiied 
in the fifth Book of the Geometry, all that is necessary here, ia to 
state the practical results. The common Rule of Three Is found- 
ed on the following theorems: 

160. If four quantities be in geometrical proportion, the product 
of the extremes, or first and last terms, is equal to that of the 

means, or two middle terms. For, if a i b 1 1 e i d; then, -r-«»~ 

6 a 

(15), and by clearing this equation of fractions (124), we haye ad 

161. Hence, if any three terms be giren, the fourth may be 
found by the following rule: Multiply the means together, and di- 
vide by the one extreme, and it will give the other extreme. For, 

if a : * : : c : c.; then, «*=*; (160). «.d *= ^, cra= J (104). 

162. Again, if the product of any two quantities be equal to 
the product of any other two quantities, the four quantities are 
proportional, that is, the first two may be made the extremesfy and 
the other two the means, and vice yersa. Thus, if ad=bcy then 

dividing this equation by 6d^ we have •t=7 (64); whence, a ib 

b a 

iicid(lb). And, if 8x4=6x^9 then S: 6 : : 2 : 4. 

163. The following table contains an exemplification of the 
most useful properties of proportionals, as demonstrated in the 
fifth book of Euclid, at one view. 

ISaib lie idf and 6 : 4 : : 3 : 2, directiy; 
Then, bi aiidic^ and 4 : 6 : : 2 : 3, by inversion; 
aic iibidf and 6:3: : 4 : 2, alternately; 
a-f-^ lb I I c-^-d : dy and 10 : 4 : : 5 : 2, by composition; 
a— ^ lb 1 1 c— c/ : d, and 2 : 4 : : 1 : 2, by division; 
a I a— ^ II c I c~^df and 6 : 2 : : 3 : 1, by conversion; 
a-{-& : a— ^ : : c-|-e? : c— e^ and 10 : 2 : : 5 : 1, by equality* 

In all these cases, the product of the extremes is equal to the 
product of the means. 

164. If three quantities be in geometrical proportion, the pfo- 
duct of the extremes, or first and last termi, is equal to the square 
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of ihe mean, or middle term. For, if a : b : i,b i c, then fi==_ 

o c 

(id), and dearing of fractions, we hare acssb^ (124). 

165. Hence, a geometrical mean between any two quantities, 
may be found by the following rule: Multiply the two quantities- 
together and esEtract the square root of their product, the result 
will be the mean required* For, if a : 6 : : 6 : c, then b^=ac 

(160), fXDd b=^^ac (li^). - 

£!xercUes. 

1. find the fourth arithmetical pn^ortionak to 3, 6, 8, and to 
97, 63, 48. 

2. Find the arithmetical means between 5 and 13^ and between 
130 and 480. 

3. What are the fourth geometrical proportionals to 8, 72, 13, 
and to 166, 133, 121? 

4. What are the geometrical means between 4 and 9, and be- 
tween 53 and 477? 

RESOLUTION OF EQUATIONa 
Case VI. Utile Jbr converting an Analog into an Equation. 

166. Make the product of the extremes equal to the product of 

the means (160). 

JEocample, Giren 5 : 15 : : 6 : x^y to find the ndue of x. 

Here, 5a?«=90; hence, a?«=;18, and x=i/lS=i/9y,2y or 

a:=3v^2 (146). 

Exercises. 

1. Giyen 3^ : 16 : 5 : 6, to find the value of x. 

2. Given 12 — x : ~ : : 4 : 1, to find the value of x. 

Case VII. Rules for determining the values of two Unknown 

Quantities. 

167. When there are two unknown quantities in any question, 
it requires two independent equations to determine their values, 
which is performed by reducing them to one, by any of the three 
following rules: 

168. Rule I. Find the value of that unknown quantity, which 
appears to be the least invdved.in each expiation, hy the preceding 
cases; then make these two values equal to each other (42 Geo- 
metry), and this new equation having only one unknown quantity 
may be solved as before; or. 
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169. JRuk IL Find the value of one of the unknown quwu- 
titles in that equation in which it is least inyolred, and subs^tute 
this value for that unknown quantity in the other equation, wlricb 
will then have only one unknown quantity, and may be solved as 
in the preceding cases; or, 

170. Rvh IIL Multiply or divide one or both of the equa- 
tions by any other number or quantity that will make the coef- 
ficients of one of the unknown quantities the same in both; then, 
when the signs of this unknown quantity in each are contniiyy 
add, or when they are the same, subtract the two equatiooB, and 
the remainder will be an equation containing only one unknown 
quantity, whose value may be found as formerly. 

Eocampies. 
1. Griven 2^ -|- 3^=23, and Sx — 2^=10, to find the vahiea of 
a?and^. 

By Ride /. From the first equation, x=- — _J^, and from the 

second, a?=^^+^y (82 and 104). Therefore, ^Q+^y^gg;^ 
(168), and 20+4y=115— 15y, or 19y=95 (124); whence, y= 
, and x= — - — =4. 



By Rule IL From the first equation, y= — - — ; hencei Sx 
— 2(^?=:!f )=10, or 5a?-ii±lf=10 (169); whence, 15aj— 46 



J^.4^x=S0y or 19a?=76 (124); therefore, a:=4, and y= 

=5. 

By Rule III. From the first equation, 10a;4-15y=115, by 
multiplying by 5 the coefficient of a? in the second; and from the 
second equation, lOo; — 4^=20, by multiplying by 2 the coeffi- 
dent of a; in the first. Then, subtracting the latter of these neto 
equations from the former, gives 19^=95 (170); whence, y=5^ 
and X, may be found from either of the equations as above. 

Bxerdses, 

1. Given 4a7-|-^=31, and 4!y+x=l9, to find the vahiea of la; 
and y. 

2. Given 2a7-|-S^=:16, and ar— 2y=ll, to find the values of 
X and y. 
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3. Given ^+^=|., and ^+^=^, to find the values 
of « and y. 

4. Given i!.+7ar=99, and ±+75^=51, to find the values of 

X and y. 

5. Given 4— 12=4-+8, and !f±f 4.±_8=^=±+27, 

2 4i 5 3 4 

to find the values of u and z» 

6. Given a?-|-^='9 and a?^ — y^=df to find the values of x 
andy. 

7. Given x ly iiaiby and ;r^ ^.y^sef, to find the values of 
or and y. 

8. Given x^-\>xy^=^c^ and y^ '\'Xy=by to find the values of x 
andy. 

9. There is a certain number, consisting of two places of fig- 
ures, which is equal to four times the sum of its digits; and if 18 
be added to it, the digits will be inverted ; what is the number? 

10. What two numbers are those, ^ose difference, sum, and 
product, are to each other, as the numbers 2, 3, and 5, respec- 
tively? 

11. If A gives B 5«. of his money, B will have twice as much 
as A has left; and if B gives A hs. of his mo&ejr, A will have 
three times as much as B has left; how much has each? 

12. When a company at a tavern came to pay their reckoning, 
they found, that if there had been three persons more, they would 
have had a shiUing each less to pay; and if there had been two 
persons less, they would have had a shilling each more to pay; 
what was the number in the company, and the share of each? 

13. A biU of £120 was paid in guineas and moidores, and the 
number of pieces of both kinds of money used was just 100; how 
many were there of each, supposing the moidore worth 27«.? 

14. A hare is 50 leaps before a greyhound, and takes 4 lei^ 
to the greyhound's 3, but 2 of the greyhound's leaps are as much 
as 3 of the hare's; how many leaps must the greyhound take to 
catch the hare. 

15. A composition of tin and copper containing 100 cubic inch- 
es weighed 505 ounces; how many ounces were there of each, 
supposing the weight of a cubic inch of coppw 5^ ounces, and 
ihat of a cubic inch of tin 4^ ounces. 
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Case VIII. Rides for determining the values of three or more 

Unknown Quantities. 

171. When diere are three or more unknown quantitiefl, it re- 
quires the same number of independent equati<Mis to determine 
their values, which is performed by any of the following rules : 

172. Rule I. Find the values of one of the unknown qmn- 
tities in each of the given equations, as if the rest were known; 
then, make the first of these values equal to the second, and either 
the first or second equal to the third, and they will give two new- 
equations having only two unknown quantities (42 Geometry)^ 
whose values may then be found by the foregoing case ; or, 

17d. Ihile IL Mul^ly each of the equations by such num- 
bers or quantities as will make the coefficients of one of the on- 
known quantities the same in all; then, subtract any two of these 
new equations from the third, or add them together according to 
the nature of ^e signs, and they will give only two equations, 
which may be resolved by the former rules. 

174. In the same manner, may four, five, or any number of 
unknown quantities be exterminated, having the same number of 
independent equations. 

Exaamples. 

Given 22; +4^^—32^=22, ^x—2yJ^bz=\%^ and ^r+T^u^ 
=63, to find the values of a;, y^ and z. 

By Ride L From the first equation, ar= ^i^IE — , from 
the second, ar=H±^=^ and from the third, x=B:i1M±5. 

i 6 

Whence, 18+2y--5^^22-%+3^^ ^ ioj,_h^^26; «ui 

4 2 

18+^-5^ ^63-7y+^^ or2()y-17z=72. From the fint 

4 6 

of these new equations, y = — T , and firom the second^ jr = 

ZidlHf; whence, ^ + "^='^^+1^ or 5^=20, whence, 
20 10 20 

z =4; and consequently y =7, and x ==3. 

By Ride IL Multiplying the first equation by 6, the second 
by 3, and the third by 2, gives 12ar+24^— 18«=132; 12a?— 6y 
+ 152; =r54, and 12a?-f- 14^ — 2z =126. Subtracting the second 
of these new equations from the first and third, gives 30 y - ' 33 a r 
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=78, and 20y— 17j?z:72. Ag^^ multiplying the first of 
these equations by 2, and the second by 3, gives 60y — 662? 
= 156^ and 60y— 51z=216. Lastly, subtracting the former 
of these two equations from the latter, gives 15j7=60> whence 
z=4. Now, 20y =72 + 17z=72 + 68= 140, whence y=7 ; 
and 2x=22—4y + 3^=22—28 + 12=6, whence, x=3. 

Exercises. 

1. Given x4-y+z=18, fle+2y+3z=38, and x+3y+4» 
=51, to find the values of x, y, and z. 

2. Given 7x+5y+ 2jr= 79, 8x— 7y+9z=— 4, andx+4y 
+5jz=55, to find the values of x, y, and z. 

3. Given x+Jy+Jz=32, Jx+Jy+Jz=15, and Jx+Jy 
+ ^2^=12, to find the values of x, y, and z. 

4. Given xH-y=«, x-\-zzzh, and y+j?=c, to find the va- 
lues of X, y, and ^. 

5. Given aey=a+c+y, 2a-i-2e=y, and ay^azze, to 
find the values of a, e, and y. 

6. Given xy-|-Mjr=390, xz+f^=339, tix-|-yj?^290, and 
tayz= 19800, to find the English word formed by the letters 
whose places in the alphabet are denoted b¥ tf^e values of u, 
X, y, and z, 

7. If A and B together can perform a piece of work in 8 
days ; A and G together in 9 days ; and B and G together in 
10 days ; how many days will it take each person singly to 
perform the same work ? 

8. Three persons. A, B, and G, play together. In the first 
game, A loses to each of the other two, as much money as 
each of them has. In the next game, B loses to each of the 
other two as much money as they then had. Lastly, in the 
third game, A and B gain each from G as much money as 
they had before. On leaving off, they find that each has an 
equal sum, namely, 24 guineas. With what money did each 
sit down to play ? 

9. Given ax+by-^czz::d, ex -{-fy •\- gzzzh, andix+ky+lz 
=m, to find the values of x, y, and z. 

175. The solution of this question will afford general for. 
mulsB for all questions of the same kind ; and, if of such of 
the preceding questions as are of tte ««ssa feirai,^^ tswoKro.-^ 
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coefficients and absolute terms be substituted for the Iitend 
ones in these formulae, the values of the unknown quantities 
will be found without any other operation than what tliey i 
dicate> provided due attention be paid to the signs. 



RESOLUTION OF ADFECTED QUADRATIC EQUATIONS. 

176. An adfected Quadratic Equation is one which contains 
both the first and second power of the unknown quantity ; as, 
a:«+2x=15. 

177. Rtile. In every adfected quadratic equati(m» where 
the coefficient of the first term is unity ^ the unknown quantity 
is equal to the half of the coefficient of the second term with' 
its sign changed, plus or minus the square root of the sum of 
the square of this half coefficient and the absolute tenn. 

Demonstration. Let j:^-i-ax=6, be tiie general form 
of quadratics. Then adding ^a^ to both sides of the 
equation, gives x^ + ax '\- la^=^la^ + b ; now, extraeting 
the square root of both sides of this equation, gives x-i- 
Ja=V(Ja*-l-6); whence, j^=— Ja± >/(Ja*-f 6). In 
the same manner it may be shown, in the equation a^ 
^ax=b, that x=Jcf± -s/(Ja*-f i) ; in the equation a:* 
-^ax=—b, that jr=Ja± >/(Ja*— 6) ; and in the equa- 
tion x^+ax=-'b, that j7=— Ja± v'da*— 6.) These 
four formulse include all the possible cases. 

178. Before this rule can be applied to the solution of qua- 
dratic equations, they must be reduced to their simplest forms 
either by the preceding rules, or by any easy substitution that 
suggests itself. 

Examples. 

1. Given x^+2x=l5, to find t he value of x. Here, 
according to the rule, x=— 1± v' 1 + 15, whence, x=3, 
or, —6. 

2. Given 10x2—8^-1-6=318, to find the values of x. 
Here, by transposing, we have IO2*— 8x==3l2; auid 

dividing ibis equation by 10, it becomes j:^— 4x=5=— ; 
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whence by the rule, x=^± >/ gj + '5-> or Jr==|± V ^^ ; 

«md lastly, x^*ii^±—^=^6, or -^-r-. 

179. All equations containing two powers of tl^e unknown 
quantity^ and having the index of the one power just douhle 
that of the other^ may be solved by the rule for quadratics* 

3. Given x* — 3x^=54, to find the value of x. Here 
let 3o^=y, then j;*==yS and the equation becomes y^— 

3^=t*64 ; whence, y=i|± >/|T54=|± V v=|± ~; 
therefor e, y^=^ 9, or —6, and consequewtly, a^=>/9=3, 
or x=^^/'-^6. 

4. Given .r*— 4x^=— 4, to find the value of j:. Here, 

let ar=fcy*, then xi^^y^, a^ -^^^y; and the equation 
becoiBe6y--^43if:r=:£— '4; whence, 3^=2 ± >/4— 4=2, and 
consequently, jr=16. 

Exercises. 

1 . Given ar^H- 6jpH- 4i=*59, to find the value of x, 

2. Given 2x^-{- 12jp + 36=366, to find the talue of x. 

3. Given 4ar=^*-5— ?+ 46, to find the Val'ufe of x, 

X 

4. Given 6j(r—-^^=2ji?H--^P-, to find the value of 

X. 

5. Given aa^— 6ar + c=€?, to find the value of a?. 

6. Given Jar— J>/j(r=22^, to find the value of x. 

7. Given >/(10'+ar) -4v(10h-x)=2, to find the 
value of 07. 

8. Given o?^ + 20x'- 10=59, to find the value of x. 

9. Given ^(\+x-x^) -2 (l + ^-a;^)=-J, to find' 
the value of a?. 

10. Given x'^ + x'^=6xi, to find the value o( x, 

11. Given * >/(jf*— a*)=ar— i, to find the value of jr. 

12. Given >/(4-f >/ [2ar3H- j;«]) =^, to find the 

value of x. 

13. Find two numbers such that their sutn itsayLV^ 
10, and the sum of their squares &%. 
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14. Find two numbers such that their difference shall be 8, 
and their product 240. 

15. Find two numbers such that their sum, product, and 
difference of their squares, shall be equaL 

16. Find a number such, that if it be subtracted from 10, 
and the remainder be multiplied by the number itself, the 
product shall be 21. 

17. Divide the number 40 into two such parts, that the 
sum of their squares shall be 818. 

18. Divide the number 24 into two such parts, that tiieir 
product shall be equal to 35 times their difference. 

19. A merchant bought a quantity of cloth for £33 !&«•« 
which he sold again at £2 8^. per piece ; and gained as much 
as one piece cost him ; required the number of pieces. 

20. Divide a line of 20 inches in leng^ into two such paiis, 
that the product of the whole and one of the parts shall be 
equal to the square of the other. 

21. Find two numbers such, that their product shall be 
equal to the difference of their squares, and the sum of their 
squares equal to the difference of their cubes. 

22. Find four numbers in geometrical prog^ssion, such, 
that their sum shall be 15, and the sum of their squares 85. 

23. The sum of two numbers is 11, and the sum of their 
fifth powers is 17831 ; required the numbers. 

24. Find four numbers in arithmetical progression, sach, 
that their common difference shall be 4, and their continued 
product 176985. 

26. When a gentleman entered upon his estate, it consisted 
of 1000 acres, rented at 5^. per acre; he increased it by 
yearly acquisitions 10 acres, and also raised the rent Is. per 
acre every year, till his whole rent amounted to £7000 per 
annum. Required the number of years he took to raise it to 
this rent^ the number of acres he possessed in all, and the rent 
per acre at last. 

26. What three numbers are those, of which the third is equal 
to the difference between the first and second, the square of the 
third ^qual to their sum, and its cube equal to their product. 

27. Find the side of a square inscribed in a semicircle 
wbose diameter is d or 10. 
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28. Given the hypothenuse of a right angled triangle (13), 
and the difference between the other two sides (7), to find 
those sides. 

29. Required the area of a right angled triangle, whose 
hypothenuse is x^^^ and the base and perpendicular x^x and 
XX respectively. 

30. Given the perimeter of a rhombus (12), and the sum of 
its two diagonals (8), to find the diagonals. 

31. Given the perpendicular (300) of a plane triangle, the 
sum of the two sides (1155), and the difference of the segments 
of the base (495), to find the base and the sides. 

32. Given the base of a plane triangle (15), its area (45), 
and the ratio of its other two sides (2 : 3), to find the sides. 

33. Given the hypothenuse of a right angled triangle (10), 
and the difference of two lines drawn from its extremities to 
the centre of the inscribed circle (2), to determine the base 
and perpendicular. 

RESOLUTION OF EQUATIONS OF ALL DIMENSIONS. 

180. Rule. 1. Arrange the terms of the given equation, 
whether quadratic, cubic, biquadratic, or any higher dimen- 
sion, in the order of their powers, beginning with the highest, 
and place the numerical or absolute term on the right of the 
sign of equality, and all the other terms on the left. 2. Re- 
duce the equation, if necessary, so that the coefficient of the 
first term shall be unity ; and supply the want of any term in 
the regular series, putting zero for its coefficient. 3. Divide 
the absolute term into periods of as many figures each as 
there are units in the index of the first term, if necessary ; 
and mark out a place for the quotient on the right. 4. Find 
by trial the first figure of the required root of the equation, 
and place it in the quotient. 5. Add this first figure to the 
coefficient of the second term and to e^ch successive sum, as 
often as there are units in the index of the first term. 6. Mul- 
tiply each of these sums, except the last, by the first figure, 
and add the products to the coefficient of the third term and 
to each successive sum. 7. Proceed in this manner to the 
coefficient of the last term, under which by this process will 
be found two sums ; the first of which is the ^to^^'^ ^\sSs«st 
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for the first figure of the root^ and the second the trial diviflor 
for the next. 8. Multiply the first divisor by the first figure 
of the rooty and subtract the product from the first period of 
the absolute tenn^ bringing down the next period to the re- 
mainder for a dividend. 9. By means of the trial divisor, 
.find the second figure of the root, making some allowance for 
its increment. 10. Add this second fig^ure to the last suni 
under the second term> and to each successive sum, in the 
same manner as was done with the first figure ; proceed to 
find the successive products and sums as in finding the proper 
divisor for that figure^ till the proper divisor for the second 
figure of the root be found. 11. Multiply this divisor by the 
second figure in the root^ and subtract the product from the 
dividend^ bringing down the third period, if any^ to the re- 
mainder for a new dividend. 12. Proceed in the same man- 
ner till the process terminate without a remainder, or till as 
many figures of the root be found as are required. 



Examples. 
1. Given ar*+2a;=:18, to find the value o(x. 



3 




Root 


x* + 2x 


= 


18 (3.3689, value oC X. 


6x3 


as 


16 


3 




3 


8.3x3 




2.49 


.3 




.61 


8.66 X 6 


; 


.4326 


6 




.0776 


8.708 X 8 


=^ 


.069664 


8 




.007836 


8.7169x9 


^ 


.00784621 



The other value of x will be found in the same manner to 
be— 5,3689; which may be proved by the rule for qua" 
dratics. 
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2. Given x^ + 9«* + 4#«=80, to find the value of x. 


2 




Root 


ar» + 9jr« 


+ 4a? 


= 80 (2.4721369 


11x2 


= 22 


value o(x. 


2 


26x2 


— 62 


13x2 


— 26 


28 


2 


5^ 




16.4 X 4 


— 6.16 




.4 


68.16 X 4 


= 23.264 


16.8x4 


== 6.32 


4.736 


.4 


64.48 




16.27 X 7 


— 1.1389 




7 


66.6189 X 7 


= 4.693323 


16.34 X 7 


— 1.1438 


.142677 


7 


66.7^27 




16.412 X 2 


= .032824 




2 


66.796624 x 2 


= .133691048 


16.414x2 


— .032828 


.009086962 


2 


66.828362 




16.4161x1 


= .00164161 




1 


66.82999361 x 1 


— .006682999361 


16^162 x 1 


= .00164162 


.002402962639 


1 


66.83163623 




16.41633 x 3 


= .0004924899 






66.8321277199 X 


3= .002004963831697 



.000397988807403 

The otber two values of x may be found in the same man- 
ner, the one being — 5, and the other — 6.4721359 ; which 
may be proved by transposing the terms, so that they shall be 
aU equal to zero, and dividing them by x — 2.4721359; 
whence we obtain the quadratic sfi+llA72l359x= — 32.36 
0679, which gives the above values. 

3. Given x*— 8ii?'+ 14a;*+4r=8 to find the value of a?. 
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The other roots of the two preceding equations may be 
found in the same way as we have here shown to as great 
length as the size of the page would admit. A contracted 
mode of carrying on the operation^ after the first three or four 
figures are obtained^ might have been given ; but the student 
who is acquainted with the mode of contracting divisiMi in 
decimal arithmetic, will find no difficulty in applying it here ; 
besides it is of more importance to exhibit the operation at 
full length to a learner^ in order that he may have a clear 

idea of the method. 

Exercises. 

1. Given a?*-f 20ti?=100, to find the value of a?. 

2. Given a!^ + a/^ + af=100, to find the value of a?. 

3. Given 0/^-^0/^=500, to find the value of a?. 

4. Given ar*— 48ar*=— 200, to find the value of x. 
6. Given x^ + 9x=6, to find the value of of. 

6. Given cT^— 17<r«-f-64cP=360, to find the value of ^. 

7. Given w*— 1 7or^^20x=6, to find the value of a?. 

8. Given ar*-27a?5+162ci72-f 366a?=1200, to find the 
value of o;. 

9. Given a?*-.27a73-fl62a?2-f356a?=1200, to find the 
value of w. 

10. Given a?«+6a?*-10a?'-112»«-207a?=110, to 
find the value of o/. 

11. Given a?5-f2<27* + 3a7'-f 4^-f 6a?=54321, to find 
the value of w. 

12. Given a?io— 0/7=1500, to find the value of a?. 

13. The difierence of two numbers is 8, and the dif- 
ference of their fourth powers is 14560 ; required the 
numbers. 

14. Given 07'y-fy3^=3, and a^^^-f^a?2=7, to find 
the values of a? and y. 

15. Given w^-\'yz=920,y^+wz=980, and 2!^+anf= 
1000, to find the values of a?, y, and z. 

16. The lengths of two lines that bisect the acute 
angles of a right angled triangle, and terminate in the 
opposite sides, being 40 and 50 respectively, it is re- 
guired to determine the three &ide& of the triangle* 
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181. The method g^venin the preceding rule for the solution 
of equations of all dimensions, supersedes the necessity of giving 
in this short elementary treatise , the old methods of solving 
cubic and biquadratic equations by the rules of Cardan^ 
Tartaglia^ Eukr^ and others^ as well as the various rules for 
approximating to the roots of equations, which are to be found 
in all the larger works on Algebra. Such works may be con- 
sulted with advantage after the student has made himself 
master of this introduction. The treatise of Euler may be 
recommended as one of the best extant for a learner. 

182. The demonstration of this rule has also been omitted^ 
as well as that of the Binomial Theorem, on account of the 
limits to which the Author has confined himself in this treatise. 
A larger work, which is intended as a sequel to the present, 
will include not only these demonstrations, but several others 
on a more elementary plan than has hitherto been attempted. 

183. The solution of equations of all degrees by the method 
from which this rule was derived, is generally ascribed to a Mr. 
Holdred, of London, who published a tract on the subject in 
1820. A similar method, by Mr. Horner of Bath, appeared in 
the Philosophical Transactions for 1819. It is not given, how- 
ever, to one individual to accomplish the work of ages. For 
while we do not dispute the originality of either of these 
authors, we claim the priority of the invention for a Scotsman, 
of the name of Halbert, (schoolmaster at Auchinleck), in as far 
as regards the solution of equations of the third degree. 
W^Tiile Mr. Bonnycastle in his elementary treatise asserted so 
late as 1818, that the solution of the Irredttdble Case of cubic 
equations, except by means of a table of sines, or by infinite 
series, had hitherto baffled the united efforts of the most cele- 
brated mathematicians of Europe ; the rule for solving cubic 
equations of all kinds, whether redtneihle oit irredtwible, had 
been given by Mr. Halbert so far back as 1789, in his treatise 
on Arithmetic, published at Paisley in that year. The in- 
ventor, after giving his rule and a great variety of examples, 
says, — " So that I reckon this method a valuable discovery, 
when compared with the jargon we meet with in other authors, 
about Transtnutations, Limitations, and Approximations, and 
what brings us never the nearer our pur^osfe." 
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184. The step from the soliition of the irredueibb case of 
cubicB to that of equations of all deg^cs, was evidently veiy 
easy from the nature of the rule there given. Besides^ it u a 
aing^ar circumstance^ that Mr. Holdred is said to have been 
in possession of his method for a length of time previoua to 
publication^ which tallies almost exactly with the date of Bir. 
Halbert's treatise. Such are the facts respecting this inven- 
tion^ and we now leave the mathematical worid to draw its 
own conclusions, and award the honour to whomsoever it im 
due. In his next publication, the author may be indaoed 
to unfold this subject a little more than it is possible for him 
to do in the present, without encroaching on his prescribed 
limits. 



THE END. 



ERRATA. 
Page Line 
7 40 for kind read amount, 
14 17 for X read y. 
16 31 for 18a— 86 read I2a^ Sab, in some copies. 

2ax 

39 28 insert — before — -. 

3c 

40 21 for — 2a6 read +2ab. 
— 33 for 16 read — . 
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